ALGEBRA MODULES (Revised Aug. 2000)

ALGEBRA MODULE ONE
POLYNOMIALS, DIVISION AND FACTORIZATION

LONG DIVISION OF POLYNOMIALS

Example 1: Divide the poiynomial f(x)= x> +4x?> ~x-4 by x-1 and use the result to factor
f(x) completely.

x% +5x+4
x—1§x3+4x2ﬂ—x-4

x3-x? Multiply: x2(x-1)
5x% - x Subtract
5x% = 5x Multiply: 5x(x -1)
4x -4 Subtract
4x -4 Multiply 4(x - 1)
0  Subtract

We see that x* +4x? —x-4=(x - 1)()(2 +5x + 4) and by factoring the quadratic, we have
f(x) = (x = D(x +1)(x +4). |

Example 2: Divide x> -8 by x-2.

. .. . 3 . .
Since there are powers of x missing in x” -8, we can choose to write those powers with zero
coefficients or to leave spaces. ’

x2+2x+4
x—_2>x3+0x2 +0x-8
x?’—?_x2

2x°

2x° - 4x
4x -8
4x -8
0
Therefore x° -8 =(x- 2)(x2 +2x + 4)

THE REMAINDER THEOREM

Suppose that p(x) is a polynomial and r is a real number. If p(x) isdivided by x -1, the
remainder 1s p(r). : "

From the two examples above, we can see that if x—1 isafactorof a polynomial then the
remainder after division is zero. The Remainder Theorem can be used as a test to see whether an
expression is a factor of a polynomial.



Example: Use long division to find the remainder when p(x) = 2% ~2x? +3x -5 is divided by
x=-2.

2x% +2x+7
A x——2>2x3~2x2+3x—5
- 2x7 - 4x?
2x2 +3x

2x%—4x .
7x-5

7x ~14

9

The remainder after division is 9. Note that p(2)= 2(2)3 - 2(?_)2 +3(2)-5=16-8+6-5=9.
Obviously x-2 isnot a factor of p(x). The result may be written as a polynomial plus a fraction:
3 2
2x7 - 27 +3X =5 =2x%4+2x+ 7+
Xx-2 X-2

The following theorem guarantees the condition under which an expression is a factor of a
polynomial:

THE FACTOR THEOREM

If p(x) is a polynomial and r a real number, then p(x) has x-r1 asa factor if and only if
p(r)=0.

Example: Show that x -3 is a factor of p(x)=x>-2x%=2x-3.

p(3) = 3 - 2(3)2 ~2(3)-3=27-18-6-3=0. Therefore by the Factor Theorem x -3 is a factor of
p(x).

THE RATIONAL ZEROS TEST }
If the polynomial p(x)=a,x" + an_]x"‘] Fons + azx2 +a;Xx +ap has integer coefficients, then
every rational zero, r, of p(x) hasthe form r=p/q where p and q have no common factors
other than 1 and p is a factor of the constant term, ag, while g 1s a factor of the leading

coefficient, a .
This theorem is somewhat easier to apply when a, =1.

In the following two xamples find at least one rational zero of the polynomial and use the
Remainder Theorem and long division to factor the polynomial completely.

Example I: p(x)=x"-x*+x?-3x-6. ‘ .
Possible zeros ==1. +2, +3, +6. When we check we find that the only two that give a
remainder of zero are x =-1 and x=2. If wedivide p(x) by x+1 we find the quotient is

Cx - 2x? +3x - 6. If we divide this quotient by x -2, we obtain a quotient of x% +3. So
p(x) = (x +1)(x - 2)(x* +3). |



Example 2: p(x) = x> =3x% - x +3.
The possible rational zeros are the factors of 3 since the leading coefficient is 1. Possible zeros
= =], =3. Itis easy to verify that p(1)=0, so x-1 is afactor. Using long division:
x?-2x-3
x-l)x3 -3%x% —x+3

2
X3—X

-2x% -x
~2x% +2x
-3x+3
-3x+3
0

p(x) = (x=1)(x=3)(x +1)

SPECIAL FACTORIZATIONS

DIFFERENCE OF SQUARES: a’ -b” = (a-b)(a+b)

PERFECT SQUARES: (a-b)* =a?-2ab+b?  (a+b)’ =a’+2ab+b’

DIFFERENCE OF CUBES: 2’ -b” = (a-b)(a® +ab+b?)

SUM OF CUBES:  a’+b” =(a+b)(a® -ab+b?)

CUBE OF A SUM: (a+b)® =a>+3a%b +3ab? +b> _

CUBE OF A DIFFERENCE: (a-b)’ =a® -3a’b+3ab? - b*

SECOND DEGREE POLYNOMIALS : Polynomials of the form x* + {a+Db)x +ab can be factored

into (x+a)(x+b);ie, x*+(a+b)x+ab=(x+a)x+b)

Example 1: x* -3x-10 = (x - 5)(x +2)
Here a=-5 b=2 Notethat a+b=-5+2=-3 and ab=(-5)(2)=-10.

If the coefficient of x? is NOT 1 (one) we can factor the quadratic, in simple cases by TRIAL
AND ERROR. Alternately we can use the GROUPING AND FACTORING method.

Example 2A: (TRIAL and ERROR).
FACTOR 3x2 -5x-2.
Solution: We need four terms a, b, ¢, d such that
3%’ -5x~2=(a+b)c+d) Thus ac=3x", bd=-2.

, b=-1, d=2.

Thus (3x -1)( ) which results in 3x* +5x-2 and is INCORRECT.
11) Try a=3x =X b=1 d=-2.
)

Thus (3x +1)(x - 2) which results in 3x2 ~5x -2 which is CORRECT.
Thus 3x3—5x~2=(3x+])(x~2).

1) Try a=3x, c=
X



Example 2B: (GROUPING and FACTORING)
3x% ~5x-2
=3x% —6x+x~2 (SPLIT the middle term.)
=3x(x-2)+1(x-2) (Grouping and Factoring)
=(3x+1)(x-2)

FOURTH DEGREE POLYNOMIALS: Fourth degree polynomials in the form ax? +bx? + ¢ may
be factored as quadratics.

Exampled: x* -5x% +4=(x* ~1)(x* -4) = (x - (x + )(x = 2)(x +2)

Example 4: x* + 6x%-7= (x2 - 1)(){2 + 7) =(x-1)(x +1)(x2 + 7)

PROBLEMS
A. In the following problems, one of the zeros of the polynomial is given. Use the Factor
Theorem and long division to factor the polynomial completely.
1) x3—4x2—x+4;r=l 4) x4~9x3+6x2+16x;r=-1
9)  x +5x2+3x-9:1=-3 5 x -3x%+dx-4;1=2
3) x3—3x2+4;r=2 6) 2% +x%2 -11x-10; r=-1
B. Perform the indicated division and write the result as a
polynomial plus a fraction:
’ 2 3 2 3
+4 -2 :
1 Xz X 9 X 2x +1 3) X" +2
x° -1 Xx“+1 X+2
x* +3x+5 x 2% - 7x2 v 4x 47 x4 -3x2+2
4) —_— 5) 3 3 6) —
X+2 X~ +2x7+x X +4x
C. Factor the following polynomials completely using special
factorizations or the rational zeros test. _
D x'-16 6  8x?-10x-3 1) x*-3x-2
2) x3 -8 7) x4 ~10x%+9 12) x> -4x*+x+6
3)  x?-2x-15 8)  8x +27 13) x> -5x*-2x+24
4) x? - 2x? - 24x 9) xPext -2 14) X2 - 9x% +20x - 12
5  6x"+x-2 10)  x?-2x7 +4x-8 15)  x*+3x?-6x’ -28x - 24



1)

2)
3)

D

2)

3)

1
2)
3
4)

5)

6)

)

8)

(x-)(x+1)(x-4)
(x +3)2(x -1)

(x -2)2(x +1)

4x +1

1+
x2 -1

-x+3

x2+]

X—2+

x2 - 2x+4-

X+ 2

(x - 2)(x + 2)(x2 + 4)

(x—2)(x2 +2x+4) ‘
(x =5)(x+3)

X(x - 6)x+4)
(3x+2)(2x-1) |

(4x +1)(2x - 3)

(5 ~1)(x2 - ) = (x -1

(2x + 3)(4)(2 - 60X+ 9)

4)

5)

6)

4)»

5)
6)

9

10)

11)

12)

13)

14)

ANSWERS

x(x +1)(x - 2)(x - 8)
(x- 2)();2 -X +2)
(x +1)(2x - 5)(x .+ 2)

xZ - 2x+7—

X4+ 2

8x + 7

x—4+—?~—7——
X~ 4+2x°+x

—7x2 +2

X +—3
X~ +4x

|l

(x-1)(x +1)(x* +2)
(x -~ 2)(;v;2 + 4)
(x+1)*(x-2)
(x+1)(x-2)(x - 3)_
(x =3)}x-4)(x+2)

(x=1)(x - 2)(x - 6)



ALGEBRA MODULE TWO

EXPONENTS AND RADICALS

REVIEW OF PROPERTIES OF EXPONENTS
Let x and y be real numbers, and let m and n be integers.

Property Example
1) men - xm+n 2322 — 23+2 - 25 =132
Xm XS 5.2 3
2) Z=xm =X =X
Xn XZ
3 x0=1 30 -1
1 - 1 -
4) — =Y " =z =Y 3
y : y
5) (xy)" =x"y" (4x) = 43x3 = 64x>
3
6) (xm)n =x"" (xz), = x5

o (x) (5) _25
) (yJ y™ \y)

THE NTH ROOT OF A REAL NUMBER

If a and b are nonnegative real numbers and n is a positive integer, orif a and b are
negative real numbers and n isan odd positive integer, then the principal nthrootof a is
defined as %a=b ifandonly if a=b".

Note that even roots of positive numbers exist in pairs. (ie. 2° =4 and (—2)2 =4 sothat 2 and
—2 are both square roots of 4). On the other hand, +/4 =2, not =2 because J4 denotes the
principal nth root (positive) square root of 4. '

Note that these roots can also be written in exponent form, so that J/a = 3%9 ia = a%, etc.

Examples:
1) J81 =9 because 92 =81 2) 27%‘ =3 because 33 =27
3) 332 = 2 because 2% =32 4) 3/-32 = -2 because (—2)5 =-32

5) 16%‘ =2 because 2% 216



FRACTIONAL EXPONENTS

/

_ m
When we write a fractional exponent such as X /n , we can use property 6) above to evaluate the
term. '
2 2 2
1) 8/3=(8%) ~22-4 2 8 egan
g7 4
. 2
22
5 (-8 =(-8%) —(-27=4 n (e hL_ 1
(-8)73 4
RADICALS
A Rewrite the expression to eliminate the radicals in the denominator.

1) —= = —="—==——( this process is called rationalizing the denominator.)
BTBB s :

For an expression with a sum or difference involving a radical, such as x +b./y we can
eliminate the radical in the denominator by multiplying the numerator and the
denominator by the conjugate x - b\/; This is also called rationalizing. This process
makes use of the difference of squares because

(x+b\/§)(x—b\/§)=x2 —bzy
4 4 3+2 4(3+«/§) 4(3+«/§)

2) = ‘ = - =
3-42 3-42 3442 9-2 7
3 4 4 /x+h =/x 4(\/x+h—\/;) 4(\/X+h—\/;)
)«,/_.+h+~f.;‘~./x+h+af,\:- Jx+h-Jx x+h-x - h
B.  Rewrite the expression to eliminate the radicals in the numerator:
’ V3-45 3-5 B3+ 3.5 2 4
2 2 B45 2(VE3+y5) 2V3+45) YB3+
2 x/x+2—2_\/x+2—2_\/x+2+2_ X+2-4
' x=2 x-2  x+2+2 (x-2)(Vx+2+2)
B x~2 B 1
(x~2)(4x+2+2) VX 4242
= . 5 s . ‘ ,
2) VXT45-3 Vx“+5-3 Vx“ 4543 x“+5-9 ~ x“ -4
x-2 X=2  x?+543 (x—2)(Vx2+5+3) (X—Z)(‘\/X2+5+3)
(x-2)(x+2) X+2

(x—2)(\/x2+5+3)_ VX +5+3



SOLVED PROBLEMS INVOLVING EXPONENTS

OO Y ) A Dy ) A A e

Simplify the following expressions
n o (772%%)(7'a%b?)
Solution: Regrouping and combining like terms.
(72 a’p? )(74 agbz) = (7274 )(azag)(b3b2) =7%a! lb? (adding exponents)

128x°
2) s
32%
Solution: We express 128 and 32 as powers of the common base 2.
Eﬁﬁi _ 2—7—)& = 22x 7% (subtracting exponents)
32x° 2%
4 o 1 )
= — X = —
x* ( x2
213
3) (~X)_j
(3y) "
) _ 1 )
Solution: (2x) = —— and (3y)" =
(2x)° (3y)’
(207 @y ¥y 9y’
So i R 373,37 gu3
(3y) (2x)” 27x°  8x
BN
4) (3x"y3)

4 3\ L4 12 12
Solution: (3x7%y’) =L3y ) _3y” 8y

5 5
425
Y e
47y )
Solution: We simplify the inside of the parenthesis first using
1
472 - <

X4




6)

D

8)

9

10)

32n+1 '3n—2

Solution: We add the exponents and combine like terms.
32n+] _3n-2.= 3(2n+1)+(n—~2) - 33n—-l :

24n+l
251’1 -1
Solution: We subtract the exponents and combine like terms.
27 anane(sn-) _ pdn-Sn)s{i- -1
ET S =
- 2——n+2
- 1
=22 or =
4n+3
2”-1
Solution: Change 4 to 22,
Thus

4n+3 (22)n+3 22n+6

- _ 2(2n+6)—(n~1)
2!’1—] zn—l 2“—]

_ 2(2n—n)+(6———1)

- 2n+7

Solution: Use the fact that ~fabc = +/a 4/b Je.

J50x%y8 = \fS—O\/x—4 \[)78'
=«/§§-\/—2_\/F\[;§ (NOTE: \/;4—=1[(x2)2 =

B =) =y
=542 x%y*
=x/§(5x2y4)

%/]28){4)'7

TSP ¥ s uunli ¥ sl ¥ oy
Solution: Use the fact that vabc =3axbs

Also ¥x% = x %/y‘6=3(y2)3=y2 and 1

So

<}J
o\l

g=27-260.2!

[\



#E£;77 y128 Yx* 3y’
- (427 42)(3° ¥)3° )

- ({22 )
- (22xy?) ¥x W2 3y = (axy* Rl2xy

Solve for k.
1) 3ﬂ+1 _3k = 3“-—2
n-2

Solution: 3% = (Divide by 3™).

3k 372l o 3f3. (The n’s cancel out.) Comparing exponeﬁts we see k=-3.
2\'14-‘3 In-1

2) ka1
2

_ Solution: Subtracting exponents on the left side gives
2(n+3)—(k+1) _ 22n—1

n-k+2 2n-1
=2 =72

Setting exponents equal and solving for k.
n-k+2=2n-1

(n+2)-(2n-1)=k
-n+3=k

PROBLEMS
A. _Evaluate:
3 , 2/ —4 3/ -2
1) 9/2 2) (~27)/3 3) 8 7 4) 1674 - 5) (-32) 75
B. Solve for x:
2 -3 3 3
1) x/3=4 2) x/2=8 3) x/"'=8 4) x/5=—8
C. Eliminate all radicals from the numerator and simplify:
J2 4-2 Jadih -2 Jx+h-Jx
1) — 2) - 3) —— 4) ——
2 5 h h
) Jx+7-3 6) Vx? 416 -5 o x1-2-5 g Jx'+8-4
o x-2 x-3 x-3 S x? +4x-16

10



D. Simplify:

1024x %y 2 5 3\2
1) (9x%)(27x2 2) —————— 3) (3x
) ( X )( ) Gax 0y ( y )
-2 21,334 02.-3)2 32
[ 25x7 ) 5 (2x7ly?) (ax%y”) 6 (4x7)
-2 _ 3 o4
625y J (32x 5y4) (Sy 2)
2n _cn+l n+l gn-1 n+l
. 39 32
T) -5-—-4——5——,—— ) (——)-n—:T 10) 354x5y13
54n-2 (27) (64) ,
2n+]
E. Solve for k. 1) 3m23kta3n 2 S =27
ANSWERS
1
A 1) 27 2) 9 3) — 4) 8 5) —
16
3 2 7 5
B, 1) x=47-+8 2 x-8/-4 3) x=8" =16 4) x= (-84 =-32
1 14 1 1 1
C. 1) — 2) ————— 3) —— 4) ———7 5) —=——
) J2 5(4+J§) Ja+h+2 0 Jx+h+x Nx+7+3
6) x+3 7 x% +3x+9 8.) x> +2x+4
Vx? +16+5 Vx? =245 (x2+2x+8)(\/x3+8+4)
4.2 2 6 6
' 16 625
D 1K or 2k 2 2 o 3 L gy 220
Sy y 9x y
16 6
625 -
5) —g 6) —— ) 5" or ——
256y 16y 5
1. } _ ‘i1 P e
8 7 o —— 9) 27" or L 10) (3xy” R/2x"y

E. 1V k=-4 2) k=-2n+2

11



* ALGEBRA MODULE THREE

RATIONAL FUNCTIONS

The properties for manipulations of fractions apply also to fractions of polynomials Wthh are
known as rational functions.

d
1)  ADDITION: 2+5=2 + be
b d  bd
9)  MULTIPLICATION: 2.5 -
b d bd
a X a o
3) DIVISION:—ZQ=EE=—~ ndalso—/9=i-:__.i
% b ¢ bc c b ¢ be

Perform the indicated operations and simplify the result as much as possible:

T x+l+ X _(x+1)(x—l)+x(x)_x2—l+x2_2x2—1
x ox-1 x(x-1) x% - x x% - x

_ x-1 | 2 X 2
2) 5 +— = +
x“-2x%x X" -x-2 x(x—2) (x-2)(x+1)

Note that both fractions contam the factor x —2. Therefore, in finding the common denominator

for the expression, we use the lowest common denominator (the LCD).
x-1 x+1 2 X X2 —1+2x _ x? +2x-1

x(x - 2) x+1 (x—2)(x+l);=x(x—2)x+l)—x(x——2)(x+1)

3 x* x+2 x2(x +2) X
x+2 x°=3x (x+2)x(x-3) x-3
x° -4
-2 2
4) 2 =(x Jx+2) ‘=(x+2)x=x2+2x
X-2 X — .
x>
1.1 x>
5) S X __5x . x=5 =_}_

12



11 x-(x+h)

6) X+h-;='(x+h)(x)=x—x—h'—1_= ~_=h __ -1
h h (x+h)(x) h (x+h)x)(h) (x +h)(x)
PROBLEMS

Perform the indicated operation and write the answer in factored form where

possible:
X x-2 2 1 1 4
1) ——- 2) + D2t
X+3 X x2 -4 x?43x+2 . x+2 x’-x-6
| x% +2x+1 x% -3x-4
3 L ———— e
x° -9 X X+2 X
4) = . 9)
: x3 xT4dx+3 x4l x-4
x24x-2
1.1 1.1 11
7)7 X 8) a 3 g X 42
X _7 x* -9 x°-3x+2
1 11
10) (x+h)” x~° 11) 76 x+3
h X°+5x-36
ANSWERS
H -X+6 9) 3x 3) x+1
x(x +3) (x =2)(x +2)(x+1) (x=3)(x+2)
x—3 x+1
4) — 5 (x+1)(x-1) 6) —
X“(x+1) *
- 1
7)1_ 8) l 9
7x 3x{x +3) A(x +2)x ~1)
—2x -1
10) 0 11) :
(x+h) x" 6(x +3)(x - 4)

13






