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- Use iiliiﬁalféogld;iﬁons to-find particular'solutions of djﬂérggﬁal equéﬁoﬁs_
. '« Useslope fields to approximate solutions of differential équatiops. - .
e Use Euler's Method to approximate solutions of differential equations;

‘.. s - .+ General and Particular Solutions R

." .. T this text, you will leamn thet physical phéfomena can.be described by differential |
) T o . 7Y -equations. In Section’ 6.2, you will see that problems involving radioactive decay, i
' e T : : -~ population growth, and Néwton’s Lay of Copling can be formilated in terms: of

+ differential equations. . . :

- - -0, A furiction y = f(x) is called 2 solution of aéiffefenﬁéi_equaﬁon'if the g:quaﬁop !
i satisfied when y and its derivatives are replaced by f(x) and its derivatives. For ¢

. example, differentiation and substitution would show thaty = g~ ig a solution of the
- differential equation y’'+ 2y =-0, .Jt -can be shown that every solution of this*
Ry differenﬁai.equatlc?nis of the form o
S Ty = C’e.'_g'.‘ o .. Geneal solution of y* ¥ 2&' =0 ° ‘
-7 7.7 where C s any real mummber. This. solition is called the geiieral soltition. Sorme
Choa U L differential equations have singular solntions that cannot be writter as'special ‘cases .
v T - of the-general solutior. Howeyer; such solutions are nGt considered in this text. The
“order of 4 differential €quation is determined by the highest-order derivative in the’
equation, For instance, y’ = 4yiga first-ordef differential equation. : .
" In Section 4.1, Exathple 8, yon saw that the ‘second-order differential equation, .

{" " NOTB Fisst-order linéar différential. - -
*. equations.are discussed in Section 6,4.

-.8%() = —32 has the general solution B . ]

o 5(t) = 162 + Cyt + C'2 : ‘Genéril solidon of sty = —32 .. - T
. : T T ‘whick contains':two'irbitrary const.ants'. Tt can 'l')é.sﬁown‘\_‘.hatadifférenﬁal equau. tion of I
N . - : . order n has a general solition with n arbitrary constants, - .. o o

L8

i P - . - . .EXAMPLE |. Verifying Solutions. = R e

1 . - t i

s,

etermme whether thé fuﬁcﬁop is a solution: of the differential équation y* — yA =0
a.y=smx ' b. y=4g“x:. ¢ y=_C¢e o -
Solufim_t_ . ' ' .
. A Becausc: y= sin.‘x, ¥y =cosx, énd j".";*- -';Sin x, it follows tﬁat- ;
RO T 'y”'*"-){?--—siﬁ'x;—.sinx; '—,‘Zsinx%.-O." A .
' ' ol ' So,y'———'jsirixis ndt'a'soluii(;fq. . B

i, Bgcéﬁse ¥y = 4e=% y' = —4e™%, and y”f—= 4e7=, it'follow.s that

P ‘ . Y-y =deE — deF = 0.

. . ‘_'So", ¥ =_4e"_-".i.s a solution. . Co e 4
: . ¢. Becausey = Ce*, y’ = Ce~, and y”'=j Ce™, it fo]lov.v.s tﬁé}t o - L
i R e r Tt i R

co . - - Soy= Ce"ls qsolgﬁox:l for any valug of C.. . m
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General ) Geometrically, the general solution of a first-order differential- equation -
solution: . represents a family of curves known as solution curves, one for each value assigned
" _to the arbitrary constant. For instance, you can verify that every function of the form, -
y= PR General solution of xy + y = 0.

is a solution of the differential equation xy’ + y = 0. Figure 6.1 'shox%rs four of the
solution curves corresponding to different values of C. . o
As discussed in Section 4.1, particular solutions of a differential equation are
‘obtained from initial conditions that give the value of the dependent variable or one
of its derivatives for a particular value of the independent variable: The term “initial

* condition™ stems from the fact that, often in problems involving time, the value of the
deperident variable or-one of its derivatives is known at the initial time ¢ = 0,

i\

Solution curves for xp’ + p = 0

For instance, the second-order, differential equation 5"() = —32 having the general |
solution B , : . .
Figure 6.1 . . .
() = ~16:2+ C2 + G, * . General solution,of s(f) = ~32
. might have the follpwiﬁg-iniﬁﬂ conditions. ' . .
 s5(0)=80, s(0) =64 Tnitial conditions o
- In this f:ase; the initial conditions yield the particular solution -.. -
5(8) ='~16:2 + 641 + 80." 'Particula'r solution .

EXAMPLE 2° Finding a Particular Solution

~ For the differénﬁal equation xy’ — 351 = 0, verify thaty = Cx® is ésolution, aﬁd find
_ the particular solution determined by the initial condition y = 2 when X=-3

‘ S‘Dlﬁtioﬁ You know that y = C»3 is a solution because y’ = 3Cx? and .
xy' = 3y = x(3Cx?) — 3(Cx?) '

=0, .
Furthermore, the initial condition y = 2 when x = —3 yields
y=0Cx3 : " General solution-
2= (-3 * Substitute initial condition,
27‘.— C 3 . E Solve for C.

. and you can conclude that fhe.particula; solution is ‘

v . _ 258

27 ' " Particular solution

- Try checking this solution by- substituting for y and ' in the ongmal differential
equation. ’ - . : | oy

NOTE To determine a particular solution, the number of initial conditions must match the
number of constants in the general solution. . '

“

indicaté.‘s"tlmt in the HM mathSpaca@qC,'D-ROM and flie online Eduspace® systeni
. Jor this text, you will find an Open Exploration, which further explores this example using the
'+ computer algebra systems Méple, Mathcad, Mathematica, and Derive,. .
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in Exercises‘1—8, verify the solution of the differential equation.

" Solution * Differential Equation
1 y=ce* y' =4y '
2.y=e* 3yt dy =€
L.xt4y=0 y'= 2/l -5
4 3 =2y == | %_Fw:'f
5. y-=.C1cosi+.Czsinx . y'+y=0

- 6. y=Cre*cosx + Ce~*sinx
7. y = “cos x lisecx 4 tan x|
8. y=3%e=+&Y

VY +2y=0

y'+y=tmx

b +2y...2€:

In Exercxses 9-12, verify the partlcular solution of the, )

* differential equatmn
. Differential Equarion
Solution ' dnd Initial Condition
9. y = sinx cosx — cos?x 2y + y Zsm(Zx) -1
. . ﬂ_
| 3’(4) =0
']_.0.y=%x3_—4cosx'+2 .y'=x+4snx
L =2
Wy= Ge—2= y'=—dry
L ¥(0) =
.12, y = gmcosx y' =ysinx -

o{5) -1

In Exerciges 13-18, determine whether the function is a soluﬁon
" of. the differential equatlon 4 — 16y 0.

. 13. y=3cosx .
14 y= 3~;:os 2x
1. y=e>
16. y=5Inx

17. y = Ce™ + C-,e"-‘ + Cy sin 22 + C,,, cos 2x
- 18. y 3e& — 4sm2x

InExermses 19-24, determine whether the Eu.nctmn isa solutmn

* of the differential equation xy’ — Zy x3e‘

19, y=5x2
o200 y=
21 y = x%2 + &%)
’ 22. y = sinx

23. y=Inx

24. y = x%* — 522

= x2e*

In Exercises 25-28, some’ of the curves correspondmg to
different values of C in the general solution of the differential -
equation are-given. Find the partienlar solution that passes-
through the point shown on the graph. ’

Solution Dtﬁ"erentza[ Equatz'on, i
25.y=Ce™2 '+ y=0 A
6.2+ =C | wyF@+Hpy =0
27, y* = Cx? 2xy"—3y =0
28. 222 —yr=C yy'—2x=0

. Figure' for 28

"Figure for 27

@% In Exercises 29 and 30, the general’ solution of the differential
" equation is given. Use a graphing utility to graph the partu:ular :
solutions for the gwen values of c '
- 20, 4yy' - x="0
ap-p=c
: c=o;c=i"1 C =4

30 yy +x=0 .
P2+yr=C
C=0,=1,C=4

In Exercxses 3136, verify that the general solutmn sahsﬁes the

differential equatwn Ther find the partmular solutxon that
satisfies the initial condition. .

Ioy=Ce® -
1 y+2y—0

3232+ 292 =C
3x + Dy’ =0
y=3whenx=0 y'=3wheni=1
33y =IC sindx + Cyoos3x " 4. y=C, + Clnx.
YHoy=0 4, Comftyi=0
¥ = 2 whenx = w/g
¥'=1whenx = w/6

y=0whenx =2
y'=4whenx=2




