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1. Use the definition of Riemann integral to evaluate: 

  ( )
2

2

0

3 1x dx−∫  . 

 Verify your answer by Fundamental Theorem of Calculus. 
 
 
2. Sketch the region and find the area enclosed by the graphs of: 
 a)  2y x=   and  3y x=    b)  1

xy =   and  ( )1
6 7y x= −  . 

 
 
3. Find the volume of the solid obtained when the region enclosed by  
 the graphs of   21y x= −   and  1y x= −  is rotated about: 
 a)  the x-axis    b)  the line  2x =  . 
 
 
4. Evaluate the following limits: 

 a) 
2

20

1lim
3

x

x

e
x→

−     b)  ( )5lim 1
x

xx→∞
− . 

 
 
5. Use integration by parts to evaluate: 
 a)  2xxe dx∫      b)  x n x dx∫  . 
 
 
6. Evaluate the following trigonometric integrals: 
 a)  3sin cosx x dx∫     b)  ( ) ( )2 2sin 3 cos 3x x dx∫  . 
 
 
7. Use trigonometric substitution to evaluate: 
 

a)  
2

2
1 x dx
x
−

∫     b)  
2 2

1

1
dx

x x+
∫  . 
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8. Use partial fraction to evaluate: 

 a) 
( )( )

5 6
4 3
x dx

x x
−

− +∫    b)  
( )( )

2

2
2 1

1 1

x x dx
x x

+ −

+ +∫  . 

 
 
9. Determine whether the following improper integral converges or 

diverges: 

 a)  2
1

2
3 1

x dx
x

∞

+∫     b)  
3

0

1
3

dx
x−∫  . 

 
 
10.   Determine whether the following series converges or diverges: 

 a)  
1

n

n
n

e
n e

∞

= +
∑      b)  

1

5
!

n

n n

∞

=
∑  . 
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FINAL EXAM 
NYB – REGULAR 

(Solutions) 
         December 20, 2004 
 
 

1. ( ) ( ) ( )
2 22 2

1 10

23 1 lim lim 3 1
n ndef

i nn ni i
x dx f x x i

n→∞ →∞= =

⎛ ⎞− = ∆ = − =⎜ ⎟
⎝ ⎠∑ ∑∫  

 

 2 2
2 2

1 1 1

2 12 2 12lim 1 lim
n n n

n ni i i
i n i

n nn n→∞ →∞= = =

⎛ ⎞⎛ ⎞= − = − =⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠
∑ ∑ ∑  

 

 
( )( ) ( )( )

2 2
1 2 1 2 1 2 12 12lim lim 2 1

6n n

n n n n n
n

n n n→∞ →∞

+ + + +⎛ ⎞ ⎛ ⎞
= − = − =⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
 

 
 

 ( )2 4 1 6= − = .  By F.T.C.  ( ) ( )
22

2 3

0 0

3 1 8 2 6x dx x x− = − = − =∫ . 

 

2. a)         ( )
11

2 3 3 4

0 0

1 1 1 1 1
3 4 3 4 12

A x x dx x x= − = − = − =∫  

 
 

b)         

( )
66

2

1 1

1 1 1 17 7
6 6 2

A x dx x x n x
x

⎛ ⎞ ⎛ ⎞= − − = − − =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠∫

 

      
35 6
12

n= −  
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3. a)  ( ) ( ) ( )
1 12 22 4 2

0 0

1 1 3 2V x x dx x x x dxπ π⎛ ⎞= − − − = − + =⎜ ⎟
⎝ ⎠∫ ∫  

   

   
1

5 3 2

0

1
5 5

x x x ππ ⎛ ⎞= − + =⎜ ⎟
⎝ ⎠

 

 

 b)  ( ) ( ) ( )( )
1

2

0

2 2 2
b

a

V p x h x dx x x x dxπ π= = − − =∫ ∫  

   ( ) ( )
11

3 2 4 3 21
4

0 0

2 3 2 2
2

x x x dx x x x ππ π= − + = − + =∫  

 

4. a)    
2 2

20 0 0

1 2 1lim lim lim
6 3 33

ex x x

x x x

e xe e
xx→ → →

⎛ ⎞− − −⎜ ⎟ = = = −
⎜ ⎟
⎝ ⎠

 

 

 b)   
( )5

1

15 5lim 1 lim 1 lim
x

x
x x x

x

n
n x n

x x→∞ →∞ →∞

−⎛ ⎞⎛ ⎞ ⎛ ⎞⎜ − ⎟ = − = =⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠
 

( )

1
51

51

5
5lim lim 5

1
x

x x
xx

x−

→∞ →∞

′⎛ ⎞−⎜ ⎟ −⎝ ⎠= = = −
′ −

 

 

          Therefore  ( ) 55lim 1
x

xx
e−

→∞
− =  

 

5. a)  ( )2 2 2 2 21 1 1 1
2 2 2 4

x x x x x

u v
xe dx uv v du x e e dx xe e C

′
= − = − = − +∫ ∫ ∫  

 

b)  ( )( )2 2 2 21 1 1 1 1
2 2 2 4x

v u

x n x dx uv vdu n x x x dx x n x x C
′

= − = − = − +∫ ∫ ∫  
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6. a)  ( )( )( )3 2 2sin cos sin cos cos sin 1 sin cosx x dx x x x dx x x x dx= = − =∫ ∫ ∫  

       ( ) ( )sin
2 3 2 41 1

2 41 sin sin
u x

u u du u u du x x C
=
= − = − = − +∫ ∫   

 

 b)  ( ) ( ) ( )( ) ( )( )2 2 1 1
2 2sin 3 cos 3 1 cos 6 1 cos 6x x dx x x dx= − + =∫ ∫  

             

       ( )( ) ( ) ( )( )2 21 1 1 1
4 4 4 21 cos 6 sin 6 1 cos 12x dx x dx x dx= − = = − =∫ ∫ ∫  

         
       ( )( )1

8 sin 12x x C= − +  

 
 

7. a)              2sin , cos , 1 cosx dx d xα α α α∴ = = − =  
 

   21 x−  
 

     ( ) ( )
2

2 2
2 2

1 cos cot 1
sin

x cosdx d d csc d
x

α α α α α α α
α

−
∴ = = = − =∫ ∫ ∫ ∫  

  

    
21cot sinxC arc x C

x
α α −

= − − + = − − +  

 

 b)       2
2

1tan , sec ,
1

x dx d cos
x

α α α α∴ = = =
+

                       

       

      ( )( )( )2 2
22 2 2

1 1 1 cos cot sec
1 1

dx dx d
xx x x

α α α α∴ = = =
+ +

∫ ∫ ∫  

 

       
2 sin

2
2 2 2

cos 1 cos 1cos
sin cos sin

u
d d u du C

u

αα αα α α
α α α

=
−= = = = − + =∫ ∫ ∫  

 

       
21 1

sin
xC C

xα
+

= − + = − +  
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8.    a) 
( )( )

( ) ( )
( )( )

( ) ( )
( )( )

3 4 3 45 6
4 3 4 3 4 3 4 3

A x B x A B x A Bx A B
x x x x x x x x

+ + − + + −−
= + = =

− + − + − + − +
 

 

      
5

2 3
3 4 6

A B
A and B

A B
+ = ⎫

∴ ⇒ = =⎬− = − ⎭
      

       

      
( )( )

5 6 2 4 3 3
4 3
x dx n x n x C

x x
−

∴ = − + + +
− +∫  

 

  b)  
( )( )

( )( ) ( )
( )( )

22

22 2

1 12 1
111 1 1 1

Ax B x C xx x Ax B C
xxx x x x

+ + + ++ − +
= + = =

+++ + + +
 

 
 

        
( ) ( ) ( )

( )( )

2

2 1 1

A C x A B x B C

x x

+ + + + +
=

+ +
 

1 2
2 0

11

A C A
A B B

CB C

+ = =⎫
⎪∴ + = ⇒ =⎬
⎪ = −+ = − ⎭

 

 

    
( )( )

( )
2

2
22

2 1 2 1 1 1
111 1

x x xdx dx n x n x C
xxx x

+ − ⎛ ⎞∴ = ⋅⋅ ⋅ = + − + +⎜ ⎟++⎝ ⎠+ + ∫  

 
 

9. a)  ( )2
2 2

1 1 1

2 2 1lim lim 3 1
33 1 3 1

bb

b b

x xdx dx n x
x x

∞

→∞ →∞
= = + =

+ +∫ ∫       

 

                  ( )( )21lim 3 1 4
3b

n b n
→∞

= + − = ∞ .  ∴  It diverges. 

 

   b)  ( )
3

3 30 0 0

1 1lim lim 2 3
3 3

bb

b b
dx dx x

x x− −→ →
= = − − =

− −∫ ∫  

 
       ( )

3
lim 2 3 2 3 2 3

b
b

−→
= − − + = .  ∴  It converges. 
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10. a)  lim lim lim 1 0
1

n n n

n n nn n n

e e e
n e e e→∞ →∞ →∞

= = = ≠
+ +

 

 

                  
1

n

n
n

e
n e

∞

=

∴
+

∑   diverges. 

 

b) (Ratio Test):  
( )

1
1 5 !lim lim

1 ! 5

n
n

nn nn

a n
a n

+
+

→∞ →∞

⎛ ⎞
= =⎜ ⎟⎜ ⎟+⎝ ⎠

 

 

       
5lim 0 1

1n n→∞
= = <

+
.  Therefore the series 


