
Integration of Rational Expressions by Partial Fractions 
 
INTRODUCTION: 
We start with a few definitions.  A rational expression is formed when a polynomial is divided 
by another polynomial.  In a proper rational expression the degree of the numerator is less than 
the degree of the denominator.  In an improper rational expression the degree of the numerator 
is greater than or equal to the degree of the denominator. 

This set of notes is given in three parts.  Part A is an explanation of how to decompose a proper 
rational expression into a sum of simpler fractions.  Part B explains Integration by Partial 
Fractions of proper rational expressions.  Part C explains Integration by Partial Fractions of 
improper rational expressions.  Each part includes detailed examples and a set of exercises. 

 

PART  A:   Partial Fraction Decomposition 
In mathematics we often combine two or more rational expressions into one. 
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Occasionally, however, the reverse procedure is necessary.  The problem is to take a fraction 
whose denominator is a product of factors, and split it into a sum of simpler fractions.  There is 
more than one way to do this.  For the types of expressions we are dealing with the method 
illustrated here is probably the easiest to apply and understand (no system of equations to solve). 
 

  CASE 1   The denominator is a product of distinct linear factors. 

  For each distinct factor ax b+  the sum of partial fractions includes a term of the form  A
ax b+

 . 

 

Example 1 Rewrite  ( )( )14
5
−−

+
xx

x   as a sum of simpler fractions. 

First write the fraction as   ( )( ) 1414
5

−
+

−
=

−−
+

x
B

x
A

xx
x  . 

Multiply both sides by the common denominator to get   ( ) ( )415 −+−=+ xBxAx  .  In this 
linear equation we can substitute any x-values to solve for A and B.  However, the process is 
simpler if we choose those values which make a factor zero ( )04or    01  i.e. =−=− xx . 

Substitute 1=x  in the linear equation.     ( ) ( ) 236411151 −=→−=→−+−=+ BBBA  

Substitute 4=x  in the linear equation.     ( ) ( ) 339441454 =→=→−+−=+ AABA  

Therefore, the partial fraction decomposition is   ( )( ) 1
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Example 2 Rewrite  ( )( )( )325
22

−++
−

xxx
x   as a sum of simpler fractions. 

First write the fraction as   ( )( )( ) 325325
22

−
+

+
+

+
=

−++
−

x
C

x
B

x
A

xxx
x  . 

Multiply both sides by the common denominator to get the linear equation 

( )( ) ( )( ) ( )( )25353222 +++−++−+=− xxCxxBxxAx  . 

Substitute 2−=x .     ( )( ) 5
2156053024 =→−=−→+−+=−− BBB  

Substitute 3=x .     ( )( ) 10
1404580026 =→=→++=− CCC  

Substitute 5−=x .     ( )( ) 2
12412008312 −=→=−→++−−=− AAA  

The partial fraction decomposition is   ( )( )( ) 3
1

10
1

2
1

5
2

5
1

2
1

325
22

−
⋅+

+
⋅+

+
⋅−=

−++
−

xxxxxx
x  . 

 

  CASE 2   The denominator is a product of linear factors, some of which are repeated 

  For each repeated linear factor ( )nax b+ , the sum of partial fractions includes n terms of the 

  form    
( ) ( ) ( )n
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Example 3 Rewrite  
( )2

4
2
x

x−
  as a sum of simpler fractions. 

First write the fraction as   
( ) ( )2 2

4
22 2

x A B
xx x

= +
−− −

 . 

Multiply both sides by   ( )22x−    to get     ( ) BxAx +−= 24  . 

Substitute 2=x .     808 =→+= BB  

There is no other factor to make zero, so we choose an easy x-value to work with. 

Substitute 0=x  ( and 8=B  ).     ( ) 4820 =→+−= AA  

The partial fraction decomposition is   
( ) ( )22 2
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=
− xxx

x  . 

 

Example 4 Rewrite  23

2

5
52

xx
xx

−
−−   as a sum of simpler fractions. 

(continued next page) 
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First write the fraction as   ( ) 55
52

5
52

22

2

23

2

−
++=

−
−−

=
−

−−
x
C

x
B

x
A

xx
xx

xx
xx  . 

Multiply by   ( )52 −xx    to get     ( ) ( ) 22 5552 xCxBxxAxx +−+−=−−  . 

Substitute 0=x .     ( ) 10505 =→+−+=− BB  

Substitute 5=x .     ( ) 5
2250010 =→++= CC  

Substitute 1=x .     ( ) ( ) ( ) 5
3

5
2 1446 =→+−+−=− AA  

The partial fraction decomposition is   
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  CASE 3   The denominator has one or more distinct, irreducible quadratic factors. 

  For each distinct factor  cbxax ++2   the sum of partial fractions includes a term  
cbxax

BAx
++

+
2  . 

 

Example 5 Rewrite  ( )( )42
124

2

2

+−
++

xx
xx   as a sum of simpler fractions. 

First write the fraction as   ( )( ) 4242
124

22

2

+
+

+
−

=
+−
++

x
CBx

x
A

xx
xx  . 

Multiply by   ( )( )42 2 +− xx    to get     ( ) ( )( )24124 22 −+++=++ xCBxxAxx  . 

Substitute 2=x .     ( ) 30824 =→+= AA  

Substitute 0=x .     ( ) ( )( ) 024312 =→−+= CC  

Substitute 1=x .     ( ) ( )( ) 215317 −=→−+= BB  

The partial fraction decomposition is   ( )( ) 4
2

2
3
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+
−

−
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Example 6 Rewrite  ( )( )321
3

2

2

+−+
−+

xxx
xx   as a sum of simpler fractions. 

First write the fraction as   ( )( ) 321321
3

22

2

+−
+

+
+

=
+−+

−+
xx
CBx

x
A

xxx
xx  . 

Multiply by   ( )( )321 2 +−+ xxx    to get     ( ) ( )( )1323 22 ++++−=−+ xCBxxxAxx  . 

Substitute 1−=x .     ( ) 2
1063 −=→+=− AA  

(continued next page) 
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Substitute 0=x  ( and 2
1−=A  ).     ( ) ( )( ) 2

3
2
1 133 −− =→+=− CC  

Substitute 1=x  ( and 2
1−=A  and 2

3−=C  ).     ( ) ( )( ) 2
3

2
3

2
1 221 =→−+=− − BB  

The partial fraction decomposition is   ( )( ) 32
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1
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EXERCISES   Rewrite each of the following as a sum of simpler fractions. 
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SOLUTIONS 
 

1. ( )( ) ( ) ( )154
5151

4
++−=→

−
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+
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x
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25 =→= Bx        and       3

21 −=→−= Ax  

 ( )( ) 1
1

3
2

5
1

3
2

51
4

+
⋅−

−
⋅=

−+ xxxx
  

 

2. ( )( ) ( ) ( )2332
3232

32
65

32
2 −+−=−→

−
+

−
=

−−
−

=
+−

− xBxAx
x
B

x
A

xx
x

xx
x    for all x 

 33 =→= Bx        and       12 −=→= Ax  
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3. ( )( ) ( ) ( )3245
432432
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 44 =→−= Bx        and       32
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 ( )( ) ( )( ) ( )( )23434215 +++−++−+=+→ xxCxxBxxAx  

 2
32 =→−= Bx        and       2

14 =→= Cx        and       23 −=→−= Ax  
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 ( )( ) ( )( ) ( )( )15252134 2 −++−++−−=+−→ xxCxxBxxAxx  

 11 −=→= Bx        and       7
172 =→= Cx        and       7

185 =→−= Ax  

 ( )( )( ) 2
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7
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 ( )( ) ( ) ( )133152 2 ++−+−+=−→ xxCxxBxxAx  

 4
31 −=→−= Bx        and       12

133 =→= Cx        and       3
50 =→= Ax  
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7. 
( ) ( )

( ) BxAx
x

B
x

A
x
x
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x

++=+→
+

+
+

=
+
+

=
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+ 42
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2
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2
222  

 24 −=→−= Bx        and       12,0 =→−== ABx  
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8. 
( ) ( )2223 555

45
2510

45
+

+
+

+=
+
−

=
++

−
x

C
x
B

x
A

xx
x

xxx
x  

 ( ) ( ) xCxxBxAx ++++=−→ 5545 2  

 55 −=→−= Cx        and       5
10 =→= Ax        and       5

1
5
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 ( ) ( )( ) ( )414195 22 −+−−+−=−→ xCxxBxAxx  

 3
41 =→= Cx       and       9

444 =→= Ax       and       9
1

3
4

9
44 ,,0 =→=== BCAx  
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10. ( )( ) ( ) ( )( )132
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2
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11 −=→−= Ax       and       4

50 −=→= Cx       and       4
51 =→= Bx  
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 21 =→= Ax       and       20 =→= Cx       and       11 =→−= Bx  
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PART B:    
Integration of proper Rational Expressions by Partial Fractions 
In this part the student is expected to understand partial fraction decomposition as explained in 
Part A.  The student is also expected to be able to perform elementary integrations (by 
substitution or by inspection) of the following types. 

Cbax
a

dx
bax

++⋅=
+∫ ln11  

( )
C

baxa
dx

bax
+

+
⋅−=

+∫
111

2  

Ccbxaxdx
cbxax

bax
+++=

++
+

∫ 2
2 ln2  

 

In Part B each indefinite integral (antiderivative) must be simplified by decomposing the proper 
rational expression into a sum of partial fractions.  The details of the partial fraction 
decomposition are left to the student.  If necessary go back and review Part A. 

 

Example 1 Find the indefinite integral.          ( )( )∫ −+
+ dx
xx

x
13

17  

( )( ) Cxxdx
xx

dx
xx

x
+−++=⎥

⎦

⎤
⎢
⎣

⎡
−

+
+

=
−+

+
∫∫ 1ln23ln5

1
2

3
5

13
17  

 

Example 2 Find the indefinite integral.          ( )( )( )∫ −−+
+ dx

xxx
xx

513
26 2

 

( )( )( ) Cxxxdx
xxx

dx
xxx

xx
+−+−−−=⎥

⎦

⎤
⎢
⎣

⎡
−

+
−

−
+

=
−−+

+
∫∫ ⋅⋅ 5ln51ln3ln

5
5

1
1

3
1

513
26

2
1

2
3

2
1

2
3

2

 

 

Example 3 Find the indefinite integral.          ∫ ++
− dx

xxx
x

44
31
23  

( ) ( )
C

x
xxdx

xxx
dx

xx
x

+
+

++−=⎥
⎦

⎤
⎢
⎣

⎡

+
−

+
−=

+
−

⋅⋅⋅⋅∫∫ 2
12lnln

2
1

2
11

2
31

2
7

4
1

4
1

2
7

4
1

4
1

22  

 

Example 4 Find the indefinite integral.          ( )( )∫ ++
− dx
xx

x
62

3
2  

(continued next page) 
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( )( ) Cxxdx
x

x
x

dx
xx

x
++++−=⎥

⎦

⎤
⎢
⎣

⎡
+

+
+

−=
++

−
∫∫ ⋅⋅ 6ln2ln

62
1

62
3 2

22 4
1

2
1

2
1

2
1  

 

Example 5 Find the indefinite integral.          ( )( )∫ −+−
−+ dx

xxx
xx

663
74

2

2

 

( )( ) Cxxxdx
xx

x
x

dx
xxx

xx
+−++−=⎥

⎦

⎤
⎢
⎣

⎡
−+

+
+

−
=

−+−
−+

∫∫ ⋅⋅ 66ln3ln
66

3
3

1
663

74 2
22

2

6
1

3
2

3
1

3
2  

 

 

EXERCISES   Find the indefinite integral. 

1. ∫ +
− dx

xx
x

2

43  2. ∫ ++
dx

x
x

1072  3. ∫ +−
dx

xx 8143
6

2  

4. ( )( )( )∫ +++
−+ dx

xxx
xx

134
783 2

 5. ( )( )( )∫ −−+
− dx

xxx
x

522
42 2

 6. ( )( )( )∫ −−+
dx

xxx
x

314
3  

7. ∫ ++
− dx

xx
x

96
23

2  8. ∫ −
− dx

xx
x

23 2
13  9. 

( )( )∫ −+
++ dx

xx
xx

2

2

41
42  

10. ( )( )∫ ++
++ dx

xx
xx

24
685

2

2

 11. ( )( )∫ +++
+ dx

xxx
x

9823
1812

2  12. ( )( )∫ +−−
− dx

xxx
x

9624
2515
2  

 

 

ANSWERS 
 

1. ( ) Cxxdx
xx

dx
xx

x
++−=⎥

⎦

⎤
⎢
⎣

⎡
+

−=
+

−
∫∫ 1ln7ln3

1
73

1
43  

2. ( )( ) Cxxdx
xx

dx
xx

x
++⋅−+⋅=⎥

⎦

⎤
⎢
⎣

⎡
+

⋅−
+

⋅=
++ ∫∫ 2ln5ln

2
1

5
1

25 3
2

3
5

3
2

3
5  

3. ( )( ) Cxxdx
xx

dx
xx

+−⋅+−⋅−=⎥
⎦

⎤
⎢
⎣

⎡
−

⋅+
−

⋅=
−− ∫∫ − 4ln23ln

4
1

23
1

423
6

5
3

5
3

5
3

5
9  

4. Cxxxdx
xxx

++−+++=⎥
⎦

⎤
⎢
⎣

⎡
+

−
+

+
+∫ 1ln23ln24ln3

1
2

3
2

4
3  
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5. Cxxxdx
xxx

+−⋅−−⋅++=⎥
⎦

⎤
⎢
⎣

⎡
−

⋅−
−

⋅+
+

⋅ ⋅−−∫ 5ln2ln2ln
5

1
2

1
2

1
3

14
6
7

2
1

3
14

6
7

2
1  

6. Cxxxdx
xxx

+−⋅+−⋅−+⋅=⎥
⎦

⎤
⎢
⎣

⎡
−

⋅+
−

⋅−
+

⋅ −−∫ 3ln1ln4ln
3

1
1

1
4

1
14
9

10
3

35
12

14
9

10
3

35
12  

7. 
( ) ( )

C
x

xdx
xx

dx
x

x
+

+
+−−=⎥

⎦

⎤
⎢
⎣

⎡

+
−

+
−

=
+
−

∫∫ 3
923ln2

3
9

3
2

3
23

22  

8. ( ) Cx
x

xdx
xxx

dx
xx
x

+−⋅+−⋅=⎥
⎦

⎤
⎢
⎣

⎡
−

⋅++⋅=
−
−

⋅−⋅−∫∫ 2ln1ln
2

111
2

13
4
5

2
1

4
5

4
5

2
1

4
5

22  

9. 
( )

C
x

xxdx
xxx

+
−

−−++⋅=⎥
⎦

⎤
⎢
⎣

⎡

−
+

−
+

+
⋅ ⋅⋅∫ 4

84ln1ln
4

8
4

1
1

1
5
9

5
1

5
9

5
1

2  

10. Cxxdx
x

x
x

++++=⎥
⎦

⎤
⎢
⎣

⎡
+

+
+∫ 2ln4ln

2
2

4
3 2

2 3  

11. Cxxxdx
xx

x
x

+++++−=⎥
⎦

⎤
⎢
⎣

⎡
++

+
+

+
−

∫ 982ln33ln6
982

2412
3

6 2
2  

12. Cxxxdx
xx

x
x

++−+−−=⎥
⎦

⎤
⎢
⎣

⎡
+−

−
+

−
−

∫ 962ln4ln5
962

1510
4

5 2
2 2

5  

 

 

PART C:    
Integration of improper Rational Expressions by Partial Fractions 
The prerequisite skills of Part B are also required in Part C.  Furthermore, the student is expected 
to be able to use long division to decompose an improper rational expression. 

In each indefinite integral of Part C the improper rational expression must be rewritten as a 
polynomial plus proper rational.  In most cases the resulting proper rational can then be further 
simplified by decomposition into a sum of partial fractions.  The details of the long division and 
partial fraction decomposition are left to the student. 
 

Example 1 Find the indefinite integral.          ∫ +
+−+ dx

x
xxx

4
151083 23

 

Cxxxxdx
x

xxdx
x

xxx
++−+−=⎥

⎦

⎤
⎢
⎣

⎡
+

−+−=
+

+−+
∫∫ 4ln962

4
9643

4
151083 232

23
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Example 2 Find the indefinite integral.          ∫ −+
−+ dx

xx
xx

6
742

2

2

 

( )( ) ∫∫∫ ⎥
⎦

⎤
⎢
⎣

⎡
−

⋅+
+

⋅+=⎥
⎦

⎤
⎢
⎣

⎡
−+

+
+=

−+
−+ dx

xx
dx

xx
xdx

xx
xx

2
1

3
12

23
522

6
742

5
9

5
1

2

2

 

Cxxxdx
xx
xx

+−⋅++⋅+=
−+
−+

→ ∫ 2ln3ln2
6

742
5
9

5
1

2

2

 

 

Example 3 Find the indefinite integral.          ∫ −+
+−+ dx
xxx

xxx
20

409522
23

23

 

( )( ) ∫∫∫ ⎥
⎦

⎤
⎢
⎣

⎡
−

−
+

+−=⎥
⎦

⎤
⎢
⎣

⎡
−+

−
+=

−+
+−+ dx

xxx
dx

xxx
xdx

xxx
xxx

4
5

5
722

45
11402

20
409522

23

23

 

Cxxxxdx
xxx

xxx
+−−++−=

−+
+−+

→ ∫ 4ln55ln7ln22
20

409522
23

23

 

 

Example 4 Find the indefinite integral.          ∫ +−
−−+− dx

xxx
xxxx

96
68992

23

234

 

( )∫∫ ⎥
⎦

⎤
⎢
⎣

⎡

−
−−

++=
+−

−−+− dx
xx

xxxdx
xxx

xxxx
2

2

23

234

3
635932

96
68992  

( )∫ ⎥
⎦

⎤
⎢
⎣

⎡

−
−

−
+−+= ⋅⋅ dx

xxx
x 23

10
3

1132 3
29

3
2  

C
x

xxxx +
−

+−+−+= ⋅⋅
3

103lnln3 3
29

3
22  

 
 
EXERCISES   Find the indefinite integral. 

1. ∫ +
+ dx

x
x

2
56  2. ∫ −

−− dx
x

xx
5

25124 2

 3. ∫ −
−+ dx

x
xx
1

235 3

 

4. ∫ −+
−−+ dx

xx
xxx
152

643
2

23

 5. ∫ −−
+− dx

xx
xx

43
384

2

2

 6. ∫ −−
− dx

xx
xx

103
3

2

23

 

7. ∫ ++
+++ dx

xxx
xxx

45
815204

23

23

 8. ∫ +−
−−+− dx

xxx
xxxx

107
15152810

23

234
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9. ∫ −+
+−+−− dx

xxx
xxxxx

6
4122072

23

2345

 10. ∫ ++
−−+++ dx

xxx
xxxxx

23

2345

2
753264  

11. ∫ +−
++− dx
xxx

xxx
2510

2517152
23

23

 12. ∫ ++
+−−+ dx

xxx
xxxx

44
3662

23

234

 

 
 
ANSWERS 

1. Cxxdx
x

dx
x
x

++−=⎥
⎦

⎤
⎢
⎣

⎡
+

−=
+
+

∫∫ 2ln76
2

76
2
56  

2. Cxxxdx
x

xdx
x

xx
+−++=⎥

⎦

⎤
⎢
⎣

⎡
−

++=
−

−−
∫∫ 5ln1582

5
1584

5
25124 2

2

 

3. Cxxxxdx
x

xxdx
x

xx
+−+++=⎥

⎦

⎤
⎢
⎣

⎡
−

+++=
−

−+
∫∫ 1ln68

1
6855

1
235 232

3

2
5

3
5  

4. ( )( )∫∫ ⎥
⎦

⎤
⎢
⎣

⎡
−+

+
++=

−+
−−+ dx

xx
xxdx

xx
xxx

35
991

152
643

2

23

 

 Cxxxxdx
xx

x +−⋅++⋅++=⎥
⎦

⎤
⎢
⎣

⎡
−

⋅+
+

⋅++= ∫ 3ln5ln
3

1
5

11 2
9

2
9

2
1

2
9

2
9 2  

5. ( )( ) ∫∫∫ ⎥
⎦

⎤
⎢
⎣

⎡
−

+
+

−=⎥
⎦

⎤
⎢
⎣

⎡
−+

+
+=

−−
+− dx

xx
dx

xx
xdx

xx
xx

4
7

1
34

41
1944

43
384

2

2

 

 Cxxx +−++−= 4ln71ln34  

6. ( )( ) ∫∫∫ ⎥
⎦

⎤
⎢
⎣

⎡
−

+
+

+=⎥
⎦

⎤
⎢
⎣

⎡
−+

+=
−−

−
⋅⋅ dx
xx

xdx
xx
xxdx

xx
xx

5
1

2
1

52
10

103
3

7
50

7
20

2

23

 

 Cxxx +−+++= ⋅⋅ 5ln2ln 7
50

7
20

2
1 2  

7. ( )( ) ∫∫∫ ⎥
⎦

⎤
⎢
⎣

⎡
+

−
+

++=⎥
⎦

⎤
⎢
⎣

⎡
++

−
+=

++
+++ dx

xxx
dx

xxx
xdx

xxx
xxx

1
3

4
124

14
84

45
815204

23

23

 

 Cxxxx ++−+++= 1ln34lnln24  
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8. ( )( )∫∫ ⎥
⎦

⎤
⎢
⎣

⎡
−−
−+−

+−=
+−

−−+− dx
xxx
xxxdx

xxx
xxxx

52
151533

107
15152810 2

23

234

 

 Cxxxxxdx
xxx

x +−−−−−−=⎥
⎦

⎤
⎢
⎣

⎡
−

−
−

−−−= ∫ ⋅⋅ 5ln2ln3
5

1
2

113 ln2
1

2
3

2
1

2
1

2
3 2  

9. ( )( )∫∫ ⎥
⎦

⎤
⎢
⎣

⎡
−+

++−=
−+

+−+−− dx
xxx

xxdx
xxx

xxxxx
23

423
6

4122072 2
23

2345

 

 ∫ ⎥
⎦

⎤
⎢
⎣

⎡
−

+
+

+−+−= ⋅⋅⋅ dx
xxx

xx
2

1
3

1123 5
2

15
4

3
22  

 Cxxxxxx +−+++−+−= 2n3ln2 l5
2ln15

4
3
2

2
3

3
1 23  

10. 
( )∫∫ ⎥

⎦

⎤
⎢
⎣

⎡

+
−−

++−=
++

−−+++ dx
xx

xxxxdx
xxx

xxxxx
2

2
2

23

2345

1
77224

2
753264  

 
( )∫ ⎥

⎦

⎤
⎢
⎣

⎡

+
−

+
+−+−= dx

xxx
xx 2

2

1
1

1
87224  

 C
x

xxxxx +
+

+++−+−=
1

118ln72 ln3
4 23  

11. 
( ) ( )∫∫∫ ⎥

⎦

⎤
⎢
⎣

⎡

−
−

−
++=⎥

⎦

⎤
⎢
⎣

⎡

−
+−

+=
+−

++− dx
xxx

dx
xx

xxdx
xxx

xxx
22

2

23

23

5
3

5
412

5
253352

2510
2517152  

 C
x

xxx +
−

−−++=
5

35ln4ln2  

12. 
( )∫∫ ⎥

⎦

⎤
⎢
⎣

⎡

+
++−

+−=
++

+−−+ dx
xx

xxxdx
xxx
xxxx

2

2

23

234

2
3222

44
3662  

 
( )∫ ⎥

⎦

⎤
⎢
⎣

⎡

+
+

+
−+−= ⋅⋅⋅ dx

xxx
x 22

1
2

112 2
9

4
11

4
3  

 C
x

xxxx +
+

−+−+−= ⋅⋅⋅
2

11ln2 2
9ln4

11
4
3

2
1 2  

 

 


