
L’Hôpital’s Rule 
 

In what follows  a  can represent a [finite] real number or  ∞   or  ∞−  . 

Suppose  ( ) 0lim =
→

xf
ax

  and  ( ) 0lim =
→

xg
ax

.   Then  ( )
( )xg
xf

ax→
lim   may or may not exist, and we call 

this limit an indeterminate form of type 0
0  . 

Similarly, suppose  ( ) ∞±=
→

xf
ax

lim   and  ( ) ∞±=
→

xg
ax

lim .   Then  ( )
( )xg
xf

ax→
lim   may or may not exist, 

and we call this limit an indeterminate form of type ∞
∞  . 

 

L’Hopital’s Rule   Suppose  f  and  g  are differentiable functions and that  ( )
( )xg
xf

ax→
lim   is an 

indeterminate form of the type  0
0   or  ∞

∞  .   Then 

( )
( )

( )
( )xg
xf

xg
xf

axax ′
′

=
→→

limlim  

provided that the limit on the right exists (or is  ∞   or  ∞− ). 
 

 
NOTE – There are other types of limits for which L’Hôpital’s Rule can be applied.  But in these 
notes we will only consider the two types mentioned above. 

 
 

Example 1 Find  
10134
6135lim 2

23

2 +−
+−

→ xx
xxx

x
 

Since   ( ) 06135lim 23

2
=+−

→
xxx

x
   and   ( ) 010134lim 2

2
=+−

→
xx

x
   we can apply L’Hôpital’s Rule. 

( ) ( )
( ) 3

14
1328

6226215
138

62615lim
10134
6135lim

22

22

23

2
=

−
+−

=
−

+−
=

+−
+−

→→ x
xx

xx
xxx

xx
 

 
 

Example 2 Find  
473

510lim 2 +−
+

∞→ xx
x

x
 

Since   ( ) ∞=+
∞→

510lim x
x

   and   ( ) ∞=+−
∞→

473lim 2 xx
x

   we can apply L’Hôpital’s Rule. 

0
76

10lim
473

510lim 2 =
−

=
+−

+
∞→∞→ xxx

x
xx
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Example 3 Find  
x

ex

x cos1
lim

0 −→
 

Since   ( ) 1lim
0

=
→

x

x
e    and   ( ) 0cos1lim

0
=−

→
x

x
   we can not apply L’Hôpital’s Rule. 

∞=
−→ x

ex

x cos1
lim

0
 

 
 

Example 4 Find  
1

1coslim
0 −

−
→ xx e

x  

Since   ( ) 01coslim
0

=−
→

x
x

   and   ( ) 01lim
0

=−
→

x

x
e    we can apply L’Hôpital’s Rule. 

( )
( ) 00sinsinlim

1
1coslim 000

=
−

=
−

=
−
−

→→ ee
x

e
x

xxxx
 

 
 

Example 5 Find  
)1sin(

17
lim

1 −
−

+→ x
x

x
 

Since   017lim
1

=−
+→

x
x

   and   ( ) 01sinlim
1

=−
+→

x
x

   we can apply L’Hôpital’s Rule. 

( )[ ]
∞=

−⋅−⋅
=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

=
−
−

+++ →→→ −

−

1)1cos(2
7limlim

)1sin(
17

lim
111 1cos

12
7

xxx
x

xxx x

x
 

 
 

Example 6 Find  ( )
( )4ln2

35ln3lim
+
+

∞→ x
x

x
 

Since   ( ) ∞=+
∞→

35ln3lim x
x

   and   ( ) ∞=+
∞→

4ln2lim x
x

   we can apply L’Hôpital’s Rule. 

( )
( ) 610

6015lim

4
2

35
15

lim
4ln2
35ln3lim

+
+

=

⎥⎦
⎤

⎢⎣
⎡

+

⎥⎦
⎤

⎢⎣
⎡

+=
+
+

∞→∞→∞→ x
x

x

x
x
x

xxx
 

The limit on the right is also indeterminate ( type ∞
∞ ).  We can apply L’Hôpital’s Rule again. 

( )
( ) 2

3
10
15

10
15lim

610
6015lim

4
2

35
15

lim
4ln2
35ln3lim ===

+
+

=

⎥⎦
⎤

⎢⎣
⎡

+

⎥⎦
⎤

⎢⎣
⎡

+=
+
+

∞→∞→∞→∞→ xxxx x
x

x

x
x
x  
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EXERCISES   Find each limit.  Use L’Hôpital’s Rule where appropriate.  Otherwise use a more 
elementary method. 

1. 
32
932lim 2

2

3 −−
−−

→ xx
xx

x
 2. 

85
34lim 2

3

+−
−+

∞→ xx
xx

x
 3. 

153
342lim 23

23

1 ++−
+−−

→ xxx
xxx

x
 

4. 
974

56lim 2 ++
−

∞→ xx
x

x
 5. 3

2

0 5
83lim

x
xx

x

+
→

 6. 
16

107lim 2

2

−−
−−

∞→ xx
xx

x
 

7. 
x
ex

x 2
1lim

0

−
→

 8. 
x
xx

x 3sin
lim

2

0

+
→

 9. 
x

x
x cos1

sinlim
0 −+→

 

10. 
x

x
x sin

cos1lim
0

−
→

 11. 
x
x

x sin
2sinlim

0→
 12. 20 5

1lim
x
xex

x

−−
→

 

13. 
x

e x

x ln
lim

3

∞→
 14. 

1
1lim

1 −
−

→ x
x

x
 15. 

x
x

x cos1
lim

0 −+→
 

16. 
54
1

lim
+
−

∞→ x
x

x
 17. ( )1sin

lnlim
1 −→ x

x
x

 18. ( )
x

x
x

1lnlim +
∞→

 

19. 
x
xex

x ln
lim +

∞→
 20. 

( )3
1

1 1
1lim

−
−−

→ x
ex

x
 21. ( )

( )14ln
10lnlim
+
−

∞→ x
x

x
 

22. ( )1ln
lim

0 ++→ x
x

x
 23. 

xe
e
x

x

x +∞→ 3

4

lim  24. 
1
1lim 5

2

0 −
−

→ x

x

x e
e  
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SOLUTIONS 
 

1. ( )0
0 type

32
932lim 2

2

3 −−
−−

→ xx
xx

x
 

 
4
9

22
34lim

3
=

−
−

=
→ x

x
x

 

 

2. ( )∞
∞

+−
−+

∞→
 type

85
34lim 2

3

xx
xx

x
 

 ( )∞
∞

−
+

=
∞→

 type
52
112lim

2

x
x

x
 

 ∞==
∞→ 2

24lim x
x

 

 

3. ( )0
0 type

153
342lim 23

23

1 ++−
+−−

→ xxx
xxx

x
 

 ( )0
0 type

1109
426lim 2

2

1 +−
−−

=
→ xx

xx
x

 

 
4
5

8
10

1018
212lim

1
==

−
−

=
→ x

x
x

 

 

4. ( )∞
∞

++
−

∞→
 type

974
56lim 2 xx

x
x

 

 0
78

6lim =
+

=
∞→ xx

 

 

5. ( )0
0 type

5
83lim 3

2

0 x
xx

x

+
→

 

 ∞=
+

=
→ 20 15

86lim
x

x
x

 

 

6. ( )∞
∞

−−
−−

∞→
 type

16
107lim 2

2

xx
xx

x
 

 ( )∞
∞

−
−

=
∞→

 type
112
72lim

x
x

x
 

 
6
1

12
2

12
2lim ===

∞→x
 

 

7. ( )0
0 type

2
1lim

0 x
e x

x

−
→

 

 
2
1

2
lim

0
−=

−
=

→

x

x

e
 

 

 

8. ( )0
0 type

3sin
lim

2

0 x
xx

x

+
→

 

 
3
1

3cos3
12lim

0
=

+
=

→ x
x

x
 

 

 

9. ( )0
0 type

cos1
sinlim

0 x
x

x −+→
 

 ∞==
+→ x

x
x sin

coslim
0

 

 

 

10. ( )0
0 type

sin
cos1lim

0 x
x

x

−
→

 

 0
cos
sinlim

0
==

→ x
x

x
 

 

 

11. ( )0
0 type

sin
2sinlim

0 x
x

x→
 

 2
cos

2cos2lim
0

==
→ x

x
x

 

 

 

12. ( )0
0 type

5
1lim 20 x

xex

x

−−
→

 

 ( )0
0 type

10
1lim

0 x
e x

x

−
=

→
 

 
10
1

10
lim

0
==

→

x

x

e
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13. ( )∞
∞

∞→
 type

ln
lim

3

x
e x

x
 

 
[ ] ( )∞

∞

⎥⎦
⎤

⎢⎣
⎡

=
∞→

 type
1

3
lim

3

x

e x

x
 

 ∞==
∞→

x

x
ex 33lim  

 
 

14. ( )0
0 type

1
1lim

1 −
−

→ x
x

x
 

 
[ ]

2

2
1

1
lim

1
=

⎥
⎦

⎤
⎢
⎣

⎡
=

→

x

x
 

 
 

15. ( )0
0 type

cos1
lim

0 x
x

x −+→
 

 
[ ]x

x
x sin

2
1

lim
0

⎥
⎦

⎤
⎢
⎣

⎡

=
+→

 

 ∞==
+→ xxx sin2

1lim
0

 

 
 

16. ( )∞
∞

+
−

∞→
 type

54
1

lim
x
x

x
 

 
[ ]4

lim
12

1
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

=
−

∞→

x
x

 

 0
18

1lim =
−

=
∞→ xx

 

 

17. ( ) ( )0
0 type

1sin
lnlim

1 −→ x
x

x
 

 
( )[ ]

1
1cos

1
lim

1
=

−
⎥⎦
⎤

⎢⎣
⎡

=
→ x

x
x

 

 

 

18. 
( ) ( )∞

∞+
∞→

 type1lnlim
x

x
x

 

 

⎥
⎦

⎤
⎢
⎣

⎡

⎥⎦
⎤

⎢⎣
⎡

+
=

∞→

x

x
x

2
1

1
1

lim  

 ( )∞
∞

+
=

∞→
 type

1
2lim
x

x
x

 

 
[ ]

01lim
1

1

lim ==
⎥
⎦

⎤
⎢
⎣

⎡

=
∞→∞→ x

x
xx

 

 

 

19. ( )∞
∞+

∞→
 type

ln
lim

x
xe x

x
 

 
[ ]

⎥⎦
⎤

⎢⎣
⎡
+

=
∞→

x

e x

x 1
1

lim  

 ( ) ∞=+=
∞→

1lim x

x
ex  

 

 

20. 
( )

( )0
0 type

1
1lim 3

1

1 −
−−

→ x
e x

x
 

 
( )

∞=
−

=
−

→ 2

1

1 13
lim

x
e x

x
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21. 
( )
( ) ( )∞

∞
+
−

∞→
 type

14ln
10lnlim

x
x

x
 

 

⎥⎦
⎤

⎢⎣
⎡

+

⎥⎦
⎤

⎢⎣
⎡

−=
∞→

14
4
10

1
lim

x

x
x

 

 ( )∞
∞

−
+

=
∞→

 type
404
14lim

x
x

x
 

 1
4
4

4
4lim ===

∞→x
 

 

22. ( ) ( )0
0 type

1ln
lim

0 ++→ x
x

x
 

 

⎥⎦
⎤

⎢⎣
⎡

+

⎥
⎦

⎤
⎢
⎣

⎡

=
+→

1
1

2
1

lim
0

x

x
x

 

 ∞=
+

=
+→ x

x
x 2

1lim
0

 

 

23. ( )∞
∞

+∞→
 typelim 3

4

xe
e
x

x

x
 

 ( )∞
∞

+
=

∞→
 type

13
4lim 3

4

x

x

x e
e

 

 ∞===
∞→∞→ 9

16lim
9

16lim 3

4 x

xx

x

x

e
e
e

 

 

24. ( )0
0 type

1
1lim 5

2

0 −
−

→ x

x

x e
e  

 
5
2

5
2lim

5
2lim 305

2

0
===

→→ xxx

x

x ee
e

 


