L’Hopital’s Rule

In what follows a can represent a [finite] real number or o« or —oo .

f(x)

Suppose lim f(x)=0 and limg(x)=0. Then Iimm may or may not exist, and we call
x—a X—a x=>a (X

this limit an indeterminate form of type & .

Similarly, suppose lim f(x)= +o0 and lim g(x): +o0. Then IimM may or may not exist,

g(x)

and we call this limit an indeterminate form of type = .

L’'Hopital’s Rule Suppose f and g are differentiable functions and that Iim% isan

indeterminate form of the type § or £ . Then

jim+ %) _ jim f,(x)
oag(x) xag'(x)
provided that the limit on the right exists (or is « or —).

NOTE — There are other types of limits for which L’Hopital’s Rule can be applied. But in these
notes we will only consider the two types mentioned above.

3 2
Example 1 Find Iim5x 5 13x” +6x
x->2 4x° -13x+10

Since Iirr;(Sx3 —13x? +6x): 0 and Iirr;(4x2 —13x+10)= 0 we can apply L Hopital’s Rule.

lim 5x° —13x° +6X ”m15x2—26x+6 _ 15(2)°-26(2)+6 14
o2 4x% -13x+10 2 8x-13 8(2)-13 3

Example 2 Find "m10x—+5
x> 3X° —TX+4

Since lim(10x+5)=c and Iim(3x2 —7x+4): o we can apply L’Hépital’s Rule.

X—>00 X—0

10x+5 l 10

im———— = lim =0
x>0 3X° —TX+4  x>=6X—7




X

Example 3 Find lim———
x-0 1—CO0S X

Since Iirrg(ex):l and Iing(l—cosx):o we can not apply L’Hdpital’s Rule.

) e
lIim————=w
x>0 1—C0S X

Example 4 Find lim-c08X=1
x—0 ex_l

Since lim(cosx-1)=0 and Iim(eX —1): 0 we can apply L’Hépital’s Rule.

x—>0 x—0
. cosx-1 . —sinx —sin(0
lim————— = lim = ( ) =0
x->0 X _1 x—0 eX e(o)
74/x-1

Example5 Find lim————
1" sin(x—1)

Since lim7,/x-1=0 and limsin(x-1)=0 we can apply L’Hdpital’s Rule.

x—>1 x—1*
I
2, /x-1 . 7

= lim =
x>1" 2.c08(x—1)-,/x-1

||m7—VX_1 = lim~—_-

x-1" sin(x—1) ot [cos(x—l)]

Example 6 Find Iimm
o= 2 In(x+4)

Since lim3In(5x+3)=c0 and lim2 In(x+4)=c we can apply L’Hdpital’s Rule.

X—0o0 X—00

15
3In(5x+3) . [5x+3} . 15x+60

im = lim=22"5 =
oo 2 In(x+4) o [ 2 J e 10X +6
X+4

The limit on the right is also indeterminate ( type ). We can apply L’Hopital’s Rule again.

Im = = = - ==
e 2In(x+4) o [ 2 } oo 10x+6 =10 10 2
X+4

Gl
3In(5x+3) imL5x+3] _ . 15x+60 _ . 15 15 3
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EXERCISES Find each limit. Use L’Hopital’s Rule where appropriate. Otherwise use a more

elementary method.

1. lim—;
x>3 X —-2X-3

4. lim_ 8X=°

x>» 4% +TX+9

. 1-¢
7. lim
x>0 22X
. 1-cosx
10. lim—
x>0 sin X
¥
13. lim
X —> 0 |nX
) x-1
16. lim
x> 4X+5
. e 4Xx
19. lim
X—»00 |nX
) X
22. th

2x? —3x-9

11.

14.

17.

20.

23.

lim —
x>® X°—5X+8

. 3x%+8x
IIm—3
x—0 5x

. X2 +X
lim—
x>0 §IN 3X

. Sin2x
lim—
x-0  sin X

. x-1
lim

x—1 \/;_1

) In x
lim

x>0 % 4 X
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4x% +x-3

-1 sin(x-1)

23 —x%—4x+3
3. lim 3 5
x->1 3X°—5X°+x+1

. x?2=7x-10
6. lim————
x> 6X°—X—-1

] in x
0. |ImS—
x>0 1—COS X
) *—x-1
12. Ilme—2
x—0 5x
) X
15. I|mL
x>0 1—COS X
18, fim 0x*1)
X—0 \/;
21. lim In(x~10)

e In(4x+1)

2X
. e -1

24. lim—
x-0 % -1



SOLUTIONS

2x? —3x-9 0 : " 0
1 IHg NP (typeﬁ) 7 IXTO] % (typeﬁ)
:I 4x-3 _ 9 _“m—ex__l
-3 2x—2 4 S0 22
. 4x*+x-3
2. lim———— (typeZ) 2
x>» x? —5X+8 * i XX 0
_l’_
- )I(—>oo 2x—5 (t pe%) I 2x+1 1
- = lim ==
2ax x-0 3C0S 3X 3
= lim—— =
)
. sin x
. 2x3—x*—4x+3 9. lim——— (typeg)
3. 1 type 9 x>0" 1—COS X 0
-1 3x° —5x* +x+1 (yp 0)
-1 9x2 —10x+1 0
_imi2x=2 10 _ 5
-1 18x-10 8 4
. 1-cosx
10. lim————== (typeQ
x>0 sin X (yp 0)
. 6x-5 ;
4. lim———— (typeZ . sinXx
x>0 4x% +7X+9 (type5) = lim cosx 0
= lim =
e 8X+7
11. lim SIT]ZX (type%)
_ 3x°+8x ( 0) >0 sinx
5. lim=——~= (typeg
x>0 By 0 2C0S2X 2
. b6x+8 x>0 COS X
= lim = ®©
x=>0 15x
. x?-7x-10 e —x-1
6. lim—————— (type2 12. lim——2—= (typed
on BX2—x—1 (types:) x>0 5x? (yp 0)
_2X— x
= lim e2 = 0
lim—~— (typez) lim == (type§)
:||mi:£:1 =||meX=i
x> 12 12 6 x>0 10 10
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13.

14.

15.

16.

3X

. e
| type 2
lim-— (type %)

]

(typeZ)

lim3xe* = o

X—0

lim (type%)

x>0 1—COS X

il

0" [sinx]

- lim—21 -
x>0 Zﬁsinx

o0

Page 5 of 6

. In x
17. 1 type 0
o sin(x-1) ( ypeo)
H
= lim—L*L  _1
1 [cos(x—1)]
In(x+1)
18. lim———= (type2
lim = (types)
i)
. X+1
= lim
e [1}
2/x
2%
= | type &
xl—>rga X+1 ( ypeoo)
]
T S R
X—>00 [1] x—0 [y
19. lim = (type2)
i [e 1+1]
H
= lim x(ex+1) = o
20. lim e - (typeg)
x—1 (X_1)3 0
lim— &
= = 00
o1 3(x-1)?




21. i

22.

23. li

24,

lim type 2
e In(4x+1) (type<:)
o)
— Iimx_—lo
X—>00 I: 4 i|
ax+1
4x+1
lim-——— = (type %)
_ ||mi = i —
B x—wo 4 N 4 N
- JUx
lim—Y" _ (typel
0 In(x+1) (1yp 0)
o)
_ Jim L&YX
x—>0*|: 1 :|
X+1
i X+1 "
x—0" 2\/;
eAx
lim—— (type %)
e4x
- >I<I—>oo Sesx (type%)
. 16e™ . 16e*
=i = li
X—0 e X—0
2X
: - 0
IXI_II)I e5x (typeﬁ)
_im2
T x50 5e5x Xx—0 5e3x
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