" The Riemann Sum and the Definite Integral

We begin our introduction to the Riemann Sum by considering non-negative functions which are
. continuous over an interval [a b] To simplify the explanation and the calculations, the interval
[a b] will be divided into subintervals of equal width, and the sample points will correspond to

the nght endpoints of the subintervals. A more general/rigorous treatment of the Riemann Sum
may be found in the calculus textbook used by Pure and Applied Science students.

' ‘Let the non-negative function y = f(x) be continuous over [a,b]v. We divide- [a,b] into n
: . 4

equal subintervals of width Ax = . The right endpoints of the subintervals are designated

X)Xy X5 50005 X 50005 X, Where x, =a+kAx and where x, =b. For each subinterval we
~ construct a rectangle as shown in the diagram.

v

n

a X x, X, X, x,=b

The base of each rectangle is Ax. The height of rectangle % (the rectangle on the subinterval
with x, as right endpoint) is f(x, ). It follows that the area of rectangle k is f(x, )Ax . The
sum of the areas of all » rectangles is called the Riemann Sum. Ie. the Riemann Sum is equal

to the expression Z f(x,)Ax . We see that the Riemann Sum is an approximation of the exact
k=1

area under the graph of f from a to 5. The larger the value of .» the better the approximation.

It can be proven that the limit at infinity of the Riemann Sum is the exact area under the graph of

f from a to b. This limit has a spec1al name and notation. It is called the definite integral.

Definition of Definite Integral If f is a continuous function defined on [a,b], and if

[a,b] is divided into  equal subintervals of width Ax = b—ga , andif x, =a+kAx isthe
n

right endpoint of subinterval k ; then the definite integral of f from a to b is the number

Jf(x) dr = lim Z /e )Ax




Note: In the following two examples we consider non-negative functions on the interval [a,b].

As explained last page, in such cases the definite integral from a to b is the area under the

curve from a to b (i.e. the area between the curve and the x-axis). The summation formulas in
the appenchx will be needed in the solutions of these examples. -

Example 1 Use the definition of definite integral to evaluate | (267 +3) dx .
0

We subdivide the interval [0 4] into # equal submtervals of width Ax=4=0_ 4
S n n
4k L 2k
Then x, = 0+ k—:, and  f(x )_2(4"] +3—>f(xk)=3f+3.
: 'R n

32k2 4 128k- 12
Sl ) = ( n‘ ](“) -
Z;f(xk)m : ;( n’ = n 6 n
(- S

n n n n n .

3(2x2+3) = jnzf(x,f = lim [634(“1)(%1)“2} 64(1)(2)+12 _ 164

j 128Z o 21 ~ 1238 n(n+1)2n+1) L2

n n 3

. 5
Example 2 Use the definition of definite integral to evaluate J-(Sx—x?‘ ) dx .

2

We subdivide the interval [2,5] into #.equal subintervals of width Ax = =
143

5-2 3
"

2 2 »
Then xk—2+k§‘2+ﬁ and f(xk)‘g( 3k) ( Bk) = 2B
n

n . nm 2

4] 143
) 2 2 :
f(xk)Ax=£—9k2 12k 12}(3] 27k +36k+§
n

3 2

143 n n n n '
i 27k2 |36k 36 36 &
Srae - 5[0, 360,260 g, 365, 68
k=1 n’ n’ k=1 k=l N g
= _g;_n_(zz_-i-_lXZ_nLl) + 3_?_’7_(_’_7_—_}_—_1_) + ﬁ.n = ___9_(14__1_)[2_}__1_)_}_18(1_*_.1_}4_36
: n 6 n- -2 n 2 n n n
2 9( 1 1 (1 9
j(gx—xz)dx = lim[——(l+—j[2+—) + 18(1+—) + 36} = -2(1)(2) +18(1) + 36 = 45
5 n—w| n n - nm 2
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Until now we have only considered non-negative functions on the interval [a, b]. In what

- follows, the function may be negative on part, or all, of the interval. In those intervals where the
function is negative, the value of the Riemann Sum is the negative of the area between the curve
- and the x-axis. It follows that the Riemann Sum may be a negatlve number

EXERCISES Use the definition of definite mntegral (Riemann Sum) to evaluate each of the
following definite integrals. NOTE: these functions are not necessarily non-negative.
Nevertheless, the definition (Riemann Sum) may still be applied (as shown in the solutions).

5.’.4xdx~ | 2. Azj(jc2+10)dx 3. 3j(SxZ—:zx)dx
0 ' 0 -0
4 6 s
4. [(-3x*+5x-1)dx 5. [2x% ar 6 [Gax)ar
0 4 , B
7. Oj(3x2+2x)dx | 8. (](4x2—5x—1)dx 9, —_3[(4—2x2)dx
-2 3 -8
-1 3 . 2 .
0. [(F+3045)de M [(1-50)ax 12. [x* ax
] =2 .
SOLUTIONS
A L 1) = 4(?) > )= 2%
e )Ax = (201«)(5) _ 10(31«: |
n n n
. " (100k) _ 100 . 100(. 1
o R L e

5 n
[4x dr = 1im»" 7(x,)Ax = lim 50(1+-1-H = 50
0 >0 =1 ] L N> n i
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2

. Ax=— > xk-:—n— and f(xk) = (7) +10 = f(.xk):'n2

2

+10

| 7 nooon : o _
_Zf(xk)ﬁ,:;(élnk __]:_n__;kz n;1 _f(. %j(”%j“o
:f(x +10) lnan(xk - }EEE(H%IN%}%} _ %‘(])(2)&0_ :_.%&
L Av=2 o xsz‘f and .f(xk):'g(i’i)z_z[éﬁj N ) = 4sz_9’£
" " | n n ‘ S
32
st = B 5k B o )0

n—m

st o 1] - S

R R T )= 3(i“_’£j +5(4—k)—1 S fl) = BBE 20k,

2
-

n n n 14 n
48k> 20k 192k 80k 4
n n n n n n

TN AR R I ) (AR A I
4[(—3)8 +5x—1)dx = lim[~32(l+%j(2+%j+40v£1+3—4} =-32(1)(2)+40(1)-4 = _25

n—w
0

: ) B ! 2~
Cax=2 5 xk:4+ﬁ and f(xk):2(4+&J - f(xk)z-fi—k—— 2k 5
" n

2
n

n n
8> 32k 2\ 16k 64k 64
f(Xk)Ax - ( hz * n j(}’l] l’l3 +—;12_+7 .
n 16 & 64 & 16(. 1 1\ 64(. 1
Ax = —> k% + k + 1= —{1+=|2+=|-—]1 64
Ssdae = 33w+ S5k S5 = e[ ]S )

Jora- ;zg[z(u;i—j(zﬁ}m(n-;)} - S - 22
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’ 2
RVCELIEN —1+ﬁ and f(xk) (1+ﬁ)—4(1+4—k-) - flx, _ Skt 28k 4
n \ n n :

e )Ax_( 64k> 28k .3)(4)_ 256k 112k 12
k5N T T ST T = T - -

n ... n n

uzzk “—21‘*2—56(1 1)(2 l)_gz_z_(l l) 5

n n n

Sf(x—“xz)dx:,l];m{—l—?(l lj(zij-%(uﬂ—lz} 128(1)(2) 56(1)— 12__4760

1 n n

. : 2
L A= s xk:%—z and f(x,()=3(2—2J +2(§—2) f(xk)=12k _20k g
n n

h n n’ n

7(,)Ax :[12/( 20k, 8](2) 24k 40k 16
n

n n n3 n2 n

kZ:f(xk)Ax —kzlk g3 V=1 264(1 %j(z %j—‘;—o(l %) +16
(}(3x2+2X)dx = },ijg{‘*(l ) ) ( )+16} 4(1)(2)- 20(1)+16 =4

-2

. Ax:§—>xk#—3—]£—3 and f(x,)= [ J (———3) - f(x )_36k 87k
T n n

4]

£ Ax = [361:‘ 87k, 50](3) 108k* 261k 150

n n n n3 n2 n

Zn:f(xk)Ax = 1—038-2 k* - 2—6212 k + 15021 = @[ 1)(2 l]—E£1+1}L150
k=1 s n n 2 ’

n n n

}(4x2—5x—1)dX=1im{18(1+lj(2+1)—3§—1( +1) 150}_18(1)( 2214(1)*1504;

n—
3 1—>c n n

, » : 2. 2
9. Ax:i - xk:.s—k—S and f(xk):4_2(ﬁ_g) N f(xk)z—SOk +l60k
n ' n

n

- 2
e )ax = [_SOk }_60_k_124j(5j _ 250K 800k 620
n

2
) n n’ n’. n

AL TS R A T
k=1

n n n

[—%é(l l](2+l)+400(1+1) 620} _%(1)(2%400(1) 620_3(3)4

n n

-124.
n A n

-j.(4—23c2)dx = lim

n-—>cw
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. 2 .y 2
10. Ax:i—mk:d'—k—s and f(xk):(ﬁ—Sj +3[ﬁ—5]+,5'—> f(xk)=¥——2§f 15
n - n : n n ) 4] o
| 16k* 28k 4\  64k* 112k 60

f(xk)Ax ( + ](_j = 3 “”“2—‘+— ‘

n n n n n n : o

- 112y 32(, 1 1) 1

R k + 1= 1+— | 24+={-56/1+= |+ 60
B S50 2500 051 2 2 os D
-1 ‘ 29
j(x2+3x+5)dx = 'lim[iz—(l+l)(2+ij—56(1+lj+60} = 3’3(1)(2)—56(1)+6o _ 1
5 B nol 3 n n).. n 3 _ | 3

. ‘ 2 2
k> 10
M. =2 S x,(=-5ﬁ—2 and f(xk)—l 5(ﬁ~2] - f(xk)——l25 —013—19
n n n n

4]
' 125k 100k 5 625k* 500k 95
W:(_ 2, _19)(_)-__3_ S5
_ ’ n n n n n n
noo 6258, 500 625(. 1 1) 500(. 1
= K+ 1= ——{1+= | 2+— 1+—1{-95
3/t = -2 R N G ,J
3 .
j(l—sxz)dlei -@(l lj[z#)uso(pij }— 625 —=(1)(2)+250(1)-9 _ 160
3 n=> 6 n n n 3
‘ ’ ) 3 3 2
12 =3 5 2= % 1 ana f(xk)z[ﬂ‘._lj o fey)= 22K Ok
n n 7] n n /)
27k 27k* 9k 3 81%° 81k* 27k 3
f(xk)Ax :( 32 q_lJ(_j Y R T e
. n i) n nj. n . n n n

z ' = 81F° 81/’(2 27k 3 81 27
$ e = 3 (088 20 3)_Bgp Mg s 0k

4
n n n* nkl N - nyo

81 n’(n+1)’ 81 n(n+1)(2 ), z n(n+1) lg_n

)220 2
f2e 22 304

So-Zoa+Zo-s] -2

ll

LIS
=
[5%)
8
1l

I

4
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APPENDIX

The following are useful formulas for working with summation notation.

n

3. Z(ak}bk) = kZ:ak +Zbk
' = k=1

k=l

n n

a. ;(ak—bk):Zak—znlbk

k

n

5. Zk:ﬁ(—";—l)
k=1‘

o S D) znt)

7 ik3 _ nz(n-kl)2

Page 7 of 7



