Integration of Rational Expressions »by Partial Fractions

INTRODUCTION:

We start with a few definitions. A rational expression is formed when a polynomial is divided
by another polynomial. In a proper rational expression the degree of the numerator is less than
the degree of the denominator. In an improper rational expression the degree of the numerator
is greater than or equal to the degree of the denominator. ’ '

This set of notes is given in three parts. Part A is an explanation of how to decompose a proper
rational expression into a sum of simpler fractions. Part B explains Integration by Partial
Fractions of proper rational expressions. Part C explains Integration by Partial Fractions of
improper rational expressions. Each part includes detailed examples and a set of exercises.

PART A: Partial Fraction Decomposition
In mathematics we often combine two or more rational expressions into one.

4 3 4(x-2) - 3(x+1) Tx-5
E.g. + = + =
x+1 x=2  (x+1)(x-2) - (x-2)(x+1) (x=2)(x+1)
Occasionally, however, the reverse procedure is necessary. The problem is to take a fraction
whose denominator is a product of factors, and split it into a sum of simpler fractions. There is
more than one way to do this. For the types of expressions we are dealing with the method
illustrated here is probably the easiest to apply and understand (no system of equations to solve).

CASE 1 The deriominator is a product of distinct linear factors.

For each distinct factor ax+b the sum of partial fractions includes a term of the form

ax+

Example 1 Rewrite G—:%%—:ﬁ as a sum of simpler fractions.
x+5 4 ’+ B
(x—4)(x—l) T x4 x-1"

First write the ﬁ'act_ion as

Multiply both sides by the common denominator to get x+5 = 4(x—1)+ B(x—4) . In this
linear equation we can substitute any x-values to solve for A and B. However, the process is
simpler if we choose those values which make a factor zero (i.e. x~1=0 or x—4=0). ’

Substitute x=1 in the linear equation. 1+5 = A(1-1)+ B(1-4) - 6=-3B — B=-2
Substitute x=4 in the linear equation. 4+5 = A(4-1)+ B(4-4) — 9=34 — 4=3

x+5 3 _ 2
(x—4)(x——1)_ x—4 x-1"

Therefore, the partial fraction decomposition is




Example 2 Rewrite (x+5)?;-:22) (x—-3) as a sum of simpler fractions.

First write the fraction as 2x—2 = 4 + B + ¢ .
(x+5)(x+2)(x=3) x+5 x+2 x-3

Multiply both sides by the common denominator to get the linear equation
2x-2 = A(x+2)(x—3)+ B(x+5)(x—3)+ C(x+5)(x+2) .
Substitute x=-2. —4-2=0+B@3)(-5)+0 — -6=-158 — B=%

Substitute x=3. 6-2=0+0+C(8)(5) » 4=40C - C=15

Substitute x=—5. -12=A(=3)(-8)+0+0 — -12=244 — A=-%
2x—2 :
The partial fraction decomposition is ( +5)(x+2)( 3) = --5—- 15 + %— 12 + —1-16 13 .
v X b X — x x+ x—

CASE 2 The denominator is a product of linear factors, some of which are repeated
For each repeated linear factor (ax+b)", the sum of partial fractions includes » terms of the

4, 4, 4, A,

1t + o
O kb (ax+b)  (ax+b) (ax+bY

Example 3 Rewrite as a sum of simpler fractions.

x=2

] . . 4 B
First write the fraction as * = 4

(-2) 32 (-2

Multiply both sides by (x—2)2 toget 4x = A(x—2)+ B .

Substitute x=2. 8=0+B — B=8

There is no other factor to make zero, so we choose an easy x-value to work with.
Substitute x=0 (and B=8). 0=A4(-2)+8 — A=4

4 4 8
x—2 " (=2

e 4
The partial fraction decomposition 1s ( );)2 =
x—.

2

. X
Example 4 Rewrite —————
x” —5x

as a sum of simpler fractions.

(continued next page)
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2 _ 2_ _
First write the fraction as = - 2x 25 =2 > 2x—5 _ £+_BT+._§_~_
x —5x x*(x-5)  x  x* x-5

Multiply by x*(x—5) toget x*—2x—5 = Ax(x—5)+ B(x—5)+Cx*.
Substitute x=0. -5=0+B(-5)+0 — B=1
Substitute x=5. 10=0+0+C(25) —» C=%

Substitute x=1. —6:A(~4)+(~4)+%—(1) - A:%

The partial fraction decomposition is

CASE 3 The denominator has one or more distinct, irreducible quadratic factors.

Ax+ B

For each distinct factor ax” +bx+c the sum of partial fractions includes a term — .
. ax” +bx+c

2
Example 5 Rewrite ad +4x;|~ 12 as a sum of simpler fractions.
(x——2)ix +4;
x* +4x+12 A  Bx+C

First write the fraction as

(x~2)(x2+4) x-2 * x2+4

Multiply by (x~2)(x*+4) toget x*+4x+12 = A(x*+4)+ (Bx+C)(x-2) .
Substitute x=2. 24 = A(8)+0 — A=3

Substitute x=0. 12=3(4)+(C)(-2) - C=0

Substitute x=1. 17 =3(5)+(B)(-1) — B=-2

x+4x+12 _ 3 2
(x—2)(x2+4) x=2 x*+4

The partial fraction decomposition is

x*+x=3

E le 6 Rewrit
xample ewrte (x+1)(x2 —2x+3)

as a sum of simpler fractions.

x*+x-3 A Bx+C

First write the fraction as 5 +— .
(x+1)(x —2x+3) x4+l x"-2x+3

Multiply by (x+1)(x ~2x+3) oget x*+x-3 = A(x*—2x+3)+ (Bx +C)(x+1) .
Substitute x=~1. -3 =A4(6)+0 — A=-1
(continued next page) -
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Substitute x=0 ( and A=——% ) =3= ——%—(3)+ o - ¢ =_%
1

Substitute x=1 (and A==} and C=-3). -1=-1@)+(8-3)2) » B=}

2 2

. . e x*+x-3 1 1 x—1
The partial fraction decomposition is Ga) (xz ——2x+3) =37 ~32— 503
" EXERCISES Rewrite each of the following as a sum of simpler fractions.
1. 2. 273 3 %
(x+1)(x-5) x* ~5x+6 2x% +11x+12
4 Sx+1 5 4x® ~x+3 6 2x* -5
T (+3)(x+2)(x—4) C(x+5)(x—1)(x-2) Cx’-2x"-3x
x+2 : 8 5-4x 9 5x*—9x
x2 +8x+16 X’ +10x* +25x C(e-4)(x-1)
x* =2 ' 3x° +9x—4 6
10. 11. 12.
Ge+1)(x? +3) (c—1)x? +4x—1) (x—5)(x* —2x+3)

SOLUTIONS

1 4 4 N B
' (x+1)(x—5)_x+1 x—5

- 4= A(x-5)+ B(x+1) for all x

x=5 > B=2 and x=-1- A_—:_%

I

1

Ay 212
(x+1)(x-5) 3 x-5 3 x+1

2x-3 2x—3 _ A + B
x2—5x+6 (x—2)(x—3) T x=2 x-3

—  2x-3 = A(x—3)+ B(x-2) forallx

x=3 - B=3 and x=2 — A=-1

2x-3 3 1

x?—5x+6 - x-3 x-2
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5x 5x A B
2 = = -+
2% +11x+12  (2x+3)(x+4)  2x+3  x+4

-  5x = A(x+4)+ B(2x+3)

x=—4 > B=4 and x=-3 > 4=-3

sx 4 3
2x7 +11x+12  x+4  2x+3

Sx+1 4 N B N o
(x+3)(x+2)(x—4)~x+3 x+2 x-4

— Sx+l = A(x+2)(x—4)+ B(x+3)(x—4) + C (x+3)(x+2)
x=-2 - B=3 and x=4->C=1 and x=-3->u4=2

2
5x+1 2 3 | 1§
= — + =. + =
(x+3)(x+2)(x~4) x+3 2 x+2 2 x—4

4x* —x+3 4 + B + C
x+5)x-1D)(x-2)  x+5 x-1 =x-2
(x+5)(x—1)(x-2)

= 4x*—x+3 = A(x-1)(x-2) + B(x+5)(x~2) + C (x+5)(x—1)

x=1 > B=-1 and x=2->C=L and x=-5- 4=18
4x* —x+3 _1_8_'____1_________1____*__1_1, 1

(x+5)(x-D)(x~2) 7 x+5 x-1 7 x-2
2x*-5 _ 2x*-5 A, B  C

x*—2x*-3x  x(x+1)(x-3) T x4l -3

- 2x*-5 = A(x+1)(x—3)-i— Bx(x-3)+ Cx(x+l)

x=-1-> B=-3 and x=3——>C=}—3— and x=o—>A=-§-
_2x=5 51 3 1 .13 1
x*-2x*-3x 3 x 4 x+1 12 x-3

x+2 x+2 A B

" Gra) -  x+2 = A(x+4)+B

x=—4 - B=-2 and x=0,B=-2 — A4=1
Nt i 2,

wraxtly | AT Gy

x? +8x+16 B (x+4)2
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10.

11.

12.

5-4x 5—4x A B C

x* +10x2 +25x x(x+5)2 - x - x+5 * (x+5)2

- 5-4x = A(x+5) + Bx(x+5)+Cx

x=—5 > C=-5 and x=0 > 4=1 and x=1, 4=%,C=-5 — B=-

wl—

5—4x 1 5

i1t
X +10x*+25 5 x-3 5 x+5  (x+5)

5x*-9x A B C

o)1)} x-4 w1 (I}

— 5x2—9x = A(x—1) + B(x—4)(x-1)+ C(x—4)

x=1 - C=% and x=4 — A=5-94- and x=0, A=%,C=% - B=—é—
A 7 S SUR DR SN S
(x—/-l)(x——l)2 9 x-4 9 x-1 3 (x~1)2
) A Bx+C , ,
= -2 =4 B
(x+1)(x2 +3) ) + 713 - X (x +3) +( x+C)(x+1)
x=—1-—>A=—% and x=0 ——>C=-—% and x=1 — B=2

4
x* -2 1 1 x—1 '
2

2 ___1.1l.,s
Gc+1)(x* +3) 4 x+1 4 x*+43

3x* +9x—4 A  Bx+C , ,
L Y 3x"+9x—4=4 4x— _
o) s T sl ) (e O)l)

x=1 > 4A=2 and x=0 > C=2 and x=-1 > B=1

3x*+9x—4 2 x+2

(x—l)(x2 +4x—1) x—1 * x? +4x-1

6 A Bx+C |
= 6 = Alx* —2x+3 Bx+CNx—
Go5)o?—2243) x5 x-2x43 (e? 2+ )’,*( x+C)x5)
x=5 — A=% and x=0 - C=-1 and x=1 — B=_%
6 1 1 1 x+3

(x—5)(x* —2x+3) 335 3 x7—2x+3
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PART B:
Integration of proper Rational Expressions by Partial Fractions

In this part the student is expected to understand partial fraction decomposition as explained in
Part A. The student is also expected to be able to perform elementary integrations (by
substitution or by inspection) of the following types.

j. 1 dx = —l—-ln{ax+bl + C
a

ax+b
1 1
—dt = ——— + C
"‘(axﬂ;-b)2 & a ax+b "
|22 g infax® +bxe| + C
. ax” +bx+c

In Part B each indefinite integral (antiderivative) must be simplified by decomposing the proper
rational expression into a sum of partial fractions. The details of the partial fraction
decomposition are left to the student. If necessary go back and review Part A.

Example 1 Find the indefinite integral. f ( :;‘)2’1 )
X X—
Tx+1 5 2
2= |dx = 5|x+3| + 2In|x~1| + C
I@+9@ ) ﬂ;+3+x-£L“ [x+3] + 2lnfx=1] +

6x% +2x

T L

Example 2 Find the indefinite integral.

6x” +2x 3 1 1 1 5 3
5 -5 dx = 51njx—3 Linlx—1|+5In| 5 o
J.(x+3)(x D(x~ 5) I[ x+3 2 x—1+x—5] e | pe~1|+5Injx—5[ +
Example 3 Find the indefinite integral. ."-—3—1:-3;&——_
x +4x* +4x

1-3x 11 ” 1 1 . 21
IJC(X+2)2 dx = I[Z;_Z 2——2--(x+2)2}dx—-z-ln[x!—zln|x+2]+7.m+c

x-3
Example 4 Find the indefinite integral. fﬁ—) dx
(x+2)x*+6

(continued next page)
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-3 1 | |
jmd" B J.It—%'x+2 +%'x2):~6} dr = _%lnl"“+2|+;ljjlnlx2+6" +C

x* +4x—17 .
-3)(x* +6x—6)

Example 5 Find the indefinite integral. j (
x—

x* +4x—7 _ 2 1 1. x+3 _2 _ 1 ) _
J.(x 3)x +6x— 6)dx Il:3 x—3 +.3 x2+6x—6i‘dx 3ln|-x 3|+61n|x +6x—-6|+C

EXERCISES Find the indefinite integral.

1. d. 2. —_—d 3. —
jx“rx ; Ix2+7+10 * j3x2—14x+8 ax
3x? +8x—7 2—4x? 3x
dx 5. 6.
.‘.(x+4)(x+3)(x+1) I(x+2)(x 2)(x— 5) J.(x+4)(x—1)(x_3) dx
3-2x 3x-1 2x% +x+4
7. [ 4 8. [—X " ax
B B > [y
5x> +8x+6 12x+18 15-25x

10 x+4)ix +2;dx | - j-(x+3)(2x2 +8x+9) & j(x 4) 2x* —6x+9) &

ANSWERS

.‘- 3—-4x

- ?c(x+1)

dx = j[i——l—}dx = 3In|x| - 7hn[x+1] + C
x x+1

_ s 1 2.1 _5 2
dx = Il:g-;:g"'g-}:—z—:ldx = —:,;ln‘x+5| —_ §'h1lx+2l + C

J-(x—£~5)(x+2)

_ 9 1 31 _
= f{"féx—z +3-x_4]dx = —%-ln|3x—2l + 3In|x—4| + C

N
ey ey R

4. J'[ 3 2 _ 2ildx:?»lm]x-l—4|+21n|x+3|—21n|x+1|+C
x+4 x+3 x+1
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L 5 x+4 10 x g x=3
3-2x -2 9 9
J.(x+3)2 J‘I:x+3 (x+3)2] 2 In|3x-2{ x+3
Nl i AR S AL LR
9 1 8 8

}dx = LIn|x+1] + Z-In|x—4| - —+C

©
Sy
|
W]
=
+ -
ot

R (x—4)y

10. | SN —?—~}dx = 3 In|x+4| + In|x*+2|+C
x+4 x"+2

1l

~6In|x+3| + 3 In|2x* +8x+9| + C

11. I -6 4 122x+24 e
x+3 2x°+8x+9

12, f -5, _10x-15 ]dx

; -5 In|x~4| + 5 In|2x” —6x+9| + C
| x—4  2x"—6x+9

PARTC:

Integration of improper Rational Expressions by Partial Fractions

The prerequisite skills of Part B are also required in Part C. Furthermore, the student is expected
to be able to use long division to decompose an improper rational expression.

In each indefinite integral of Part C the improper rational expression must be rewritten as a
polynomial plus proper rational. In most cases the resulting proper rational can then be further
simplified by decomposition into a sum of partial fractions. The details of the long division and
partial fraction decomposition are left to the student.

dx

I 3x® +8x% —10x+15

Example 1 Find the indefinite integral. 1
: x+

3 2 _ 7 V
J‘3x +8x” —10x+15 . _ f 3% — dx+ 6~ —— |dy = x* — 2x° + 6x — 9 In|x+4) + C
x+4 x+4
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dx = 2x + %~ln|x+3| + —95—-ln|x—2| +C.

J-2x +2x%=95x+40
¥ +x2-20x

3 2 _ _
J~2x -1;2.76 . 95x+40 dx = J' 74 40-11x & = J‘ 9 _ iZ_ n 7 _ 5 dx
x” +x" —=20x x(x+5)(x—4) x x+5 x-4

dx

Example 3 Find the indefinite integral.

.’- 2x° +2x* —95x+40
x> +x?-20x

dr = 2x — 2In|x| + 71n|x+5| - 5In|x-4| + C

Example 4 Find the indefinite integral. j2x —9% +9x* —8x—6 dx
—6x%+9x
4_ 3 2_ -
J-Zx 93x +92x 8x 6dx j 35x26 de
x’ —6x"+9x : x(x— )
= flaxes-2ii LU is
3 x x-3 (x—-3)
2 2 29 10
= x* + 3x - &dnx| + £Infx-3] + — + C
x-3
EXERCISES Find the indefinite integral.
o . 3 . .
" j-6x+5dx 2 I4x 12x— 25d 3, j-Sx +3x de
x+2 x-1
3 2 g " 2 3_q.2
4. j‘x +23x 4x 6dx 5. j-4x2 8x+3 e 6. J- ic 3x '
x“+2x-15 x°—3x—4 x°-3x-10
J-4x +20x%+15x+8 de 8. J-x 4 _10x> +28x% —15x-15 e
x? +5x% +4x x> —Tx*+10x
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dx

5 _~4 7.3 2 5 4 3 2 &
9. J‘x 2x" =Tx" +20x* ~12x+4 10. J-4x +6x" +2x° +3x* —5x-7

dx
x}+xr—6x 2 +2x% +x

dx

11 j-2x3 ~15x% +17x+25 e 12 _[X4 +2x° —6x* —6x+3
) x* —10x* +25x ) x? +4x? +4x

ANSWERS

1. j6x+5a‘lx = j[6-——z——}dx =6x — 7In|x+2| + C
x+2 x+2

. |
2. dex= | 4x + 8 + 22 dx = 2% + 8x + 15In|x-5 + C
x—5 x—5

3 ——
3. I—S—x—ié—{—-—g—dxz J. 5x2+5x+8+——§—~ de = 2x° + 2x° + 8x+61n[x—1[ + C
x—1 11 3 2

4 J-x3+3x2—4x—6 de = j- 14 9x+9 e
T x242x-15

= I{x+1 + —g—;l;—s- + %—l—ﬂdx = —%xz + x + —g--ln|x+5| + %-ln]x—?,] + C

4x% —8x+3 4x+19

|
Sy
| ——
|
®
1o
—
=
| |2
.
| IS |
&

= 4x — 31n|x+1| + 7In|x~4| + C

x* —3x? 10x 20 1 50 1
o2 = el A = 20, — |4
6 -(xz .10 dx _‘-[x + (x+2)(x—5)} dx I|:x + + x

= —12-x2 + -270—-ln|x+2| + —570—-1n[x-5| +C

4x° +20x* +15x+8 8—x 2 1 3
. = —————— = 4 o —_——— d
! j x’ +5x% +4x & I|:4 " x(x+4)(x+l):| & -"l: " x " x+4 xﬁ-l] §

= 4x + 2 In|x| + In|x+4| - 3In|x+1| + C
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4 3 2 2.2 _
3. Ix —10x° +28x” —-15x-15 I -3+ 3x° +15x-15 e
x*=7x* +10x - x(x=2)(x~5)

1 1 1 2
= J{x~3—%.;—%. ————-—]dx = —%-x‘ —3x—%1n|x|—-%ln|x—2!

5 4 37 2 _ ‘
9. "-x —2x" —T7x -i;20x 12x+4 dx = J' x2_3x+2+————i— dx
x*+x?—6x x(x+3)(x—2)

Il
.
\¥s)

>
N
+

)

=

|
)

=N
Bl
+
NI
=N
=

+

el

+

Wik
=
=

|

il
+
)

5 4 3 2 _ g 2 g
10. -’-4x +6x -3!—2x —2+-3x 5x-=17 dr = j Ax?— 2% +7 4+ x*—Tx 27 de
x* +2x% +x x(x+1)

j4x2~2x+2—l+—§————l—7 dx
x x+1 _(x+1)

45— x* + 2x — Tnx| + 8 In|x+1| + 1.
x+1

il

11 sz3 —15x° +17x+25 J- 2+5x2—33x+25 = I o L, 4
) x* —10x* +25x x(x—5) x x-5

= 2x + In|x| + 4 In|x-5| - ;%g + C

4 3_ g2 —2x2
12. jx +2§c 6ic 6x+3 d = j- 2+ 2x +2x2+3 de
x  +4x” +4x x(x+2)

- 31l _n o9 1
= I[x -2 + Z;c— - T.x+2 + —2—-(x+2)2]dx

%xz - 2x + %-ln|x! - —lzl—-lnlx+1| - %-x———ll_—z- + C

—In|x-5|+C
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