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Rules of Inference
Repeat (or R) Φ ∴Φ

→-elimination (or→E) (or Modus ponens) Φ→Ψ,Φ ∴Ψ

Modus tollens (or MT) Φ→Ψ,¬Ψ ∴ ¬Φ

↔-introduction (or↔I) (or Biconditional introduction) Φ→Ψ,Ψ→Φ ∴Φ↔Ψ

↔-elimination (or↔E) (or Biconditional elimination) Φ↔Ψ ∴Φ→Ψ and Φ↔Ψ ∴Ψ→Φ

∧-introduction (or ∧I) (or Conjunction introduction) Φ,Ψ ∴Φ∧Ψ

∧-elimination (or ∧E) (or Simplification) Φ∧Ψ ∴Φ and Φ∧Ψ ∴Ψ

∨-introduction (or ∨I) (or Disjunction introduction, Addition) Φ ∴Φ∨Ψ and Ψ ∴Φ∨Ψ

Disjunction elimination (or DE) Φ→Ψ,Θ→Ψ,Φ∨Θ ∴Ψ

∨-elimination (or ∨E) (or Disjunctive syllogism) Φ∨Ψ,¬Φ ∴Ψ and Φ∨Ψ,¬Ψ ∴Φ

Hypothetical syllogism (or HS) Φ→Ψ,Ψ→Θ ∴Φ→Θ

Constructive dilemma (or CD) Φ→Ψ,Θ→Π,Φ∨Θ ∴Ψ∨Π

Destructive dilemma (or DD) Φ→Ψ,Θ→Π,¬Ψ∨¬Π ∴ ¬Φ∨¬Θ

Absorption (or ABS) Φ→Ψ ∴Φ→ (Φ∧Ψ) and Φ→Ψ ∴Φ→ (Ψ∧Φ)

Rules of Replacement
Associativity (or Asso.) Φ�(Ψ�Θ)≡ (Φ�Ψ)�Θ where � ∈ {∧,∨,↔}

Commutativity (or Comm.) Φ�Ψ≡Ψ�Φ where � ∈ {∧,∨,↔}

Distributivity (or Dist.) Φ∧ (Ψ∨Θ)≡ (Φ∧Ψ)∨ (Φ∧Θ) and Φ∨ (Ψ∧Θ)≡ (Φ∨Ψ)∧ (Φ∨Θ)

Double negation (or DN) ¬¬Φ≡Φ

De Morgan’s laws (or DM) ¬(Φ∨Ψ)≡ ¬Φ∧¬Ψ and ¬(Φ∧Ψ)≡ ¬Φ∨¬Ψ

Transposition (or Trans.) Φ→Ψ≡ ¬Ψ→¬Φ

Material implication (or MI) Φ→Ψ≡ ¬Φ∨Ψ

Biconditional implication (or BI) Φ↔Ψ≡ (Φ→Ψ)∧ (Ψ→Φ)

Exportation (or Expo.) (Φ∧Ψ)→Θ≡Φ→ (Ψ→Θ)

Tautology (or Taut.) Φ�Φ≡Φ where � ∈ {∧,∨}


