8.1 Sequences

A sequence is a function whose domain is the natural numbers. The usual
notation for the nth term of a sequence is a,, = f(n).

Usually
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For the function f(n) = — we could make a chart
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Notice that a sequence can be thought of as a list of numbers written in a
specific order

ai,az,as, - - .

In the case of the sequence above

Common notation for a sequence:
{a17 as, as, . . '}7 {an}a {an}’liil
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Sometimes only the first few terms of the sequence are given and not the
general nth term. Sometimes we can find the general term by assuming the
pattern continues.

Examples:

1) 34 5 6 7
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n factorial, denoted by n!, is defined by
n'l=1-2-3-4-...-(n—1)-n
where n is a positive integer and
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Sometimes we can't (at least very easily).

Example:

{1,4,1,5,9,2,6,5,3,5,...}

Since a sequence is a function we sketch its graph. For example,f(n) = —

We can see that it makes sense to talk about whether a sequence approaches
a number or not as the values get larger and larger.

Definition: A sequence {ax} had the limit L and we write

lim a, =1L or an — L as nn — oo
n—r 00

if we can make the terms @, as close to L as we like by making n sufficiently

large. If nli_>moo Gn exists (as a number) we say the sequence converges,

otherwise the sequence diverges.



Graphical Interpretation

Examples: Find the limit of the following sequences:

1) 3n2+5n —6
™m2—2n+5

4n? — 1
2) lim i nt

n— o0 92 41



At first glance it doesn't seem like we can use L'Hépital's rule since sequences
are not continuous functions (what would the derivative be of a bunch of
points?).

The following theorem helps us out of this problem.

li — I _ N
Theorem Ifn;mw f(x) and f(n) a, for all positive
integers n then

Iim a, = L
n—>00

Basically, this theorem tells us that if we swap out the n for x for a sequence,
and this new function has a limit than so does the sequence. (What if the
new function does not have a limit? We'll come back to this question.)

Examples:

In(1
b lim n(lnn)
n— 00 n



1 1/n
2) lim (arctan (—))
n—oo n



Definition: lim a,, = oo (diverges to OO ) means for every positive
n—00
number M there exists an integer k such thatif 72 > & then a,, > M.

So, what if the new function f(x) does not have a limit? Does this mean that
the sequence a,, = f(n) does not have a limit as well?




Theorem: (Limit laws for sequences)

If {an} and {bn, } are convergent sequences and c is a constant then

2)  lim (anp—>bp) =

n—aoo

3) lim ca, =
—> 00
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Example: nli)moo 52



Theorem: If lim |ay,| = 0 then lim ap = 0
n—00 n—00

(=D"n

5 if it exists.
nc +1

Example: Find the limit of a,, =



Theorem: (Squeeze Theorem)

If lim an = lim ¢, and an < bn < cp, forall nthen
n—r 00 nN— 00
lim a, = lim b, = lm cp,
n—roo n—7r00 n—700

Example: Determine if the sequence converges or diverges. If it converges
find the limit.

(—1)"sin(2n) arctann

by, = 5
n TLZ



Theorem: (Uniqueness of Limits)

A sequence can have at most one limit.

Definition:
A sequence Ay, is called increasing if a,, < a,,1 forall » > 1

al] < ax < az < ...
A sequence O, is called decreasing if @n = Qpn1 foralln > 1

al] > a2 > az > ...

A sequence is called monotonic if it is either increasing or decreasing.

Example:

3\ 2
1) Show that an = <§> is an increasing monotonic sequence.

2) Show that @, = — Inn is an decreasing monotonic sequence.



Definition: A sequence {an} is bounded above if there is a number M such
that

an < M foral n > 1

A sequence { ay, } is bounded below if there is a number m such that

m < ap foraln > 1

A bounded sequence is bounded above and below.

Theorem: (Monotonic Sequence Theorem)

Every bounded, monotonic sequence is convergent.

Example: Use the monotonic sequence theorem to show that the sequence
2n — 3

a =
" 3n+4

converges.



