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Definition of Vector Space

We shall study structures with two operations, an addition and a scalar multiplication, that are subject to some simple conditions. We
will reflect more on the conditions later but on first reading notice how reasonable they are. For instance, surely any operation that can
be called an addition (e.g., column vector addition, row vector addition, or real number addition) will satisfy conditions (1) through (5)
below.

1 Definition and Examples

Definition 1.1. A vector space (over R) consists of a set V along with two operations ‘+’ and ‘-’ subject to the conditions that for all
vectors V,w, i € V and all scalars r,s € R:
1. the set V is closed under vector addition, thatis, V+w &€V
vector addition is commutative, V+w = w4+ V
vector addition is associative, (V4 W) + i = V+ (W + i)
there is a zero vector O € V such that ¥+0 = ¥ forall ¥ € V
each ¥ € V has an additive inverse w € V such that w + v = 0
the set V is closed under scalar multiplication, thatis, r- VeV
addition of scalars distributes over scalar multiplication, (r+s) - V=r-V+s-V
scalar multiplication distributes over vector addition, r- (V+w) =r-V+r-w
ordinary multipication of scalars associates with scalar multiplication, (rs)-V=r-(s-V)
multiplication by the scalar 1 is the identity operation, 1 -V = V.

i I

—_

Remark. The definition involves two kinds of addition and two kinds of multiplication, and so may at first seem confused. For instance,
in condition (7) the ‘4> on the left is addition of two real numbers while the ‘4’ on the right is addition of two vectors in V. These
expressions aren’t ambiguous because of context; for example, r and s are real numbers so ‘r+ s’ can only mean real number addition. In
the same way, item (9)’s left side ‘rs’ is ordinary real number multiplication, while its right side “s-V" is the scalar multipliction defined
for this vector space.

The best way to understand the definition is to go through the examples below and for each, check all ten conditions. Especially important
are the closure conditions, (1) and (6). They specify that the addition and scalar multiplication operations are always sensible — they are
defined for every pair of vectors and every scalar and vector, and the result of the operation is a member of the set.

Example 1.1. The set R? is a vector space if the operations ‘+’ and *-” have their usual meaning.

() + () -Gt ~(2)-(3)
= r- —
X2 »2 X2+ y2 X2 29)
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Example 1.2. This subset of R? that is a plane through the origin

X
P= y||x+y+z=0
Z
is a vector space if ‘+’ and ‘-’ are interpreted in this way.
X1 X2 X1 +x2 X rx
|ty =y+x r{y[=1mn
21 22 21t+22 z rz

Page 3 of 39



Example 1.3. Let V be the set of all pairs (x,y) where x,y € R and where addition and scalar multiplication is defined as:

(x7y)+(xl7 y/):(y+y,ax+xl) r'(xa y):(ov I’y).

Is V a vector space?
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Example 1.4. The singleton set .
{0}

is a vector space under the operations

— —

0+0=0 r-0=0.
Definition 1.2. A one-element vector space is a frivial space.

Example 1.5. Consider 223 = {ag +aix+ ax* + a3x° | ag,...,a3 € R}, the set of polynomials of degree three or less (in this book,
we’ll take constant polynomials, including the zero polynomial, to be of degree zero). It is a vector space under the operations

(a0 + aix + axx®> + azx®) + (bg + byx + bpx*> + b3x®) = (ag + bo) + (a1 + b1)x + (a2 + by)x* + (az + b3)x’

and

r-(ap +ayx+ arx* +a3x3) = (rap) + (ra;)x+ (raz)x2 + (ra3)x3

(the verification is easy).

Example 1.6. The set Mo of 2x2 matrices with real number entries is a vector space under the natural entry-by-entry operations.

ab+wx_a+wb+x .ab_mrb
c d y z) \Nc+y d+z "\e¢ d) " \re
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Example 1.7. The set of polynomials with real coefficients
{ap+a1x+---+ax" |n€Nandag,...,a, e R}
makes a vector space when given the natural ‘+’
(a0 +arx+---4apx") + (bo+b1x+-- -+ bpx") = (ag + bo) + (a1 +b1)x+ -+ (ay + by)x"

and ‘-’
r-(ap+aix+...+apx") = (rag) + (ra1)x+ ...+ (ra,)x"

Definition 1.3. R™ is the vector space of infinite sequence of real numbers
R” = {(ag,a1,az,...,an,...) | a; € R}
with the following operations
U4V = (up,ur,un,... upy...)+V0,V1,V2, ..oy Vny. o) = (o +vo,u1 +Vvi,up+va, ... iy +Vy,...)

and
re(Uo, Uty U,y ..oy, .. ) = (FUo, U FUD, < oo Py, ).
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Example 1.8. Is set V = R? under the following operations
U+v=(ur,uz)+ (vi,v2) = (ur +vi,up +v3) r-i=r-(uy,up) = (ru,0)

a vector space?

Example 1.9. The set { f | f: R — R} of all real-valued functions of one real variable is a vector space under these

(it ) ) =1 +LK) ()& =rfx)
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Example 1.10. The set V = {(x1, x2) | x1, x2 € R}. of all real valued ordered pair is a vector space under these

(1, %2)+ O, y2) =+ + Lxa+y2+1). re(x,x)=(x1+r—1Lrmp+r—1).
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2 Subspaces and Spanning Sets

We saw that the plane through the origin is a planar subset of R3. There, the vector space R? contains inside it another vector space, the
plane.

Definition 2.1. For any vector space, a subspace is a subset that is itself a vector space, under the inherited operations.

Example 2.1.
x
P={ly]|x+y+z=0}
Z

is a subspace of R3. As required by the definition the plane’s operations are inherited from the larger space, that is, vectors add in P as
they add in R3

X1 X2 X1+ x2
i+ | =yi+¥»:
21 22 21+t22

and scalar multiplication is also the same as in R3. To show that P is a subspace we need only note that it is a subset and then verify
that it is a space. We have already checked that P satisfies the conditions in the definition of a vector space.

Example 2.2. The x-axis in R? is a subspace, where the addition and scalar multiplication operations are the inherited ones.

-6 66

As in the prior example, to verify directly from the definition that this is a subspace we simply check that it is a subset and then check that
it satisfies the conditions in definition of a vector space. For instance the two closure conditions are satisfied: adding two vectors with
a second component of zero results in a vector with a second component of zero and multiplying a scalar times a vector with a second
component of zero results in a vector with a second component of zero.

()}

Any vector space has a trivial subspace {6 }. At the opposite extreme, any vector space has itself for a subspace.

Example 2.3. Another subspace of R? is its trivial subspace.

Note. Subspaces of R? are: R?, lines through the origin, trivial subspace.

Example 2.4. Vector spaces that are not R"’s also have subspaces. The space of cubic polynomials { a+ bx + ex? 4 dx? |a,b,c,d e R}
has a subspace comprised of all linear polynomials {m+nx | m,n € R}.

Example 2.5. Another example of a subspace that is not a subset of an R" followed the definition of a vector space. The space of all
real-valued functions of one real variable { f | f: R — R} has the subspace of functions satisfying the restriction (d* f/dx*) + f = 0.

Example 2.6. The definition requires that the addition and scalar multiplication operations must be the ones inherited from the larger
space. The set S = {1} is a subset of R'. And, under the operations 1+1 =1 and r-1 =1 the set S is a vector space, specifically, a
trivial space. However, S is not a subspace of R! because those aren’t the inherited operations, since of course R has 1+1=2.

Example 2.7. Being vector spaces themselves, subspaces must satisfy the closure conditions. The set R™ is not a subspace of the vector
space R because with the inherited operations it is not closed under scalar multiplication: if v =1 then —1 -V ¢ R™.

The only way that a subset can fail to be a subspace, if it is nonempty and uses the inherited operations, is if it isn’t closed.

Theorem 2.1 (Subspace Test). For a nonempty subset W of a vector space V, under the inherited operations is a vector space if and
only if

Closed under addition: Forall i,v e W, i+veW.

Closed under scalar multiplication: Forallr e Randalli e W, kii e W.
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Remark. R" for any n € N is a vector space with the usual vector addition and scalar multiplication.

Example 2.8. Determine which subsets are a subspace of R3: Wi = {(x,0,y) | x,y € R}, Wo = {(x,1,2) | x,z € R}.

Note. Subspaces of R? are: R?, planes through the origin, lines through the origin, trivial subspace.
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Remark. My for any n € N is a vector space with the usual matrix addition and scalar matrix multiplication.

Example 2.9. Show that L is a subspace of the 2 x2 matrices M.

L:{(Z S) a+b+c:0}

Remark. P, = {ag+ajx+ apx® + -+ 4 apx" | a; € R} for any n € N is a vector space with the usual polynomial addition and scalar
polynomial multiplication.

Example 2.10. Determine which subsets are a subspace of P5:

1
W = {p(x) | p(x) € P3 and /0 p(x)dx= 1}, W, = {p(x) | p(x) € Py and p'(w) =0}
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Theorem 2.2. If Ax = 0 is a homogenous linear system of m equations in n unknowns, then the set of solution vectors is a subspace of
R

Example 2.11. Express the subspace W = {X |Ax=0andx € R3} of R3 as a parametric equation where

1 -1 0
1
1
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Definition 2.2. A vector W is a linear combination of a set S = {§],52,...,5,} if it can be expressed in the form
W=c151 + 28+ ey
where ¢; € R.
Example 2.12. Any vector (a,b,c) € R? is expressible as a linear combination of the standard basis vectors
(a,b,c) =ai+bj+ck

Example 2.13. Show that w = (3,—4,2) is a linear combination of i = (4,—3,3) and V= (1,1,1)

Example 2.14. Determine if p(x) =2 — 1x is a linear combination of py(x) = 2+x and p,(x) = 4+ 2x.

Example 2.15. Determine if X is a linear combination of A, B, C where

o O B I S A A i
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Definition 2.3. The span of a nonempty subset S of a vector space is the set of all linear combinations of vectors from S.
span(S) = {151+ +cpSy | c1y- - 00 ERand 57,...,5, € S}
The span of the empty subset of a vector space is its trivial subspace.

Theorem 2.3. In a vector space, the span of any subset is a subspace. In addition, the span of a subset of a vector space is the smallest
subspace containing all vectors of the subset.
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Example 2.16. Let W = span {ii,v} where ii = (1,0,0) and V = (0,1,0). Is (1,1,1) in W? What about (2,3,0)?

Example 2.17. Express the subspace W = {x |Ax=0andx € R3} of R3 as a span of a set of vectors where
1 -1 1

A=12 =2 2
-1 1 -1
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Example 2.18. Determine whether S = {(2,1,0), (—1,3,1), (1,1,1)} spans R>.

Example 2.19. Determine whether S = {1 +x4+x%, 11— x2} spans P».
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Example 2.20. Find the conditions on the coefficient of p(x) = ap + a1x+ axx? such that p(x) € span({1+x+x>, 1+2x+3x?})

Theorem 2.4. Let S and S' be subsets of a vector space V. If every vector in S is expressible as a linear combination of the vectors in
S’ then span(S) is a subspace of span(S'). If in addition every vector of S' is expressible as a linear combination of the vectors in S then
span(S) = span(S’).

Example 2.21. Let S = {M,M,} and S’ = {M3,My} where
2 —1 0 1 4 —1 0 2
O R e R

Is span(S) = span(S')?
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Example 2.22. The picture below shows the subspaces of R? that we now know of. the trivial subspace, the lines through the origin,
the planes through the origin, and the whole space (of course, the picture shows only a few of the infinitely many subspaces). In the next
section we will prove that R3 has no other type of subspaces, so in fact this picture shows them all.

That picture describes the subspaces as spans of sets with a minimal number of members. Note that the subspaces fall naturally into
levels — planes on one level, lines on another, etc. — according to how many vectors are in the minimal-sized spanning set.

(g 0)-(0

The line segments between levels connect subspaces with their superspaces.
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3 Linear Independence

Definition 3.1. A nonempty subset S = {57, 52, ..., 5, } of a vector space is linearly independent if
0=c151+ oS+ -+ Cni

only has the trivial solution, thatis, c; = ¢ = ... = ¢, = 0. Otherwise it is linearly dependent.

Example 3.1. Determine if S = {ii, V, w} where
i=(2,1,3), v=(1,3,1), w=(3,4,4)

is linearly independent.

Example 3.2. Determine if S = {M;,M,,M3} where

10 2 1 -1 -3
Ul R R = I

is linearly independent.
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Example 3.3. Suppose S = {V|, V5, V3} is linearly independent. Are the vectors
Vi — Vo, V340, Vi — V3

linearly independent?

Theorem 3.1. The polynomials

form a linearly independent set.

Page 24 of 39



Example 3.4. Determine if S = {pi(x), p2(x), p3(x)} where
pi(x) = 1=2x+x%, pa(x) =3+24%, p3(x) =1+x+x

is linearly independent.

Theorem 3.2. A subset S = {5,52,...,5, } of a vector space is linearly dependent if and only if some 5; is a linear combination of the
vectors S — {5;}.
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Corollary 3.3. It follows, that subset S = {5,5,...,5,} of a vector space is linearly independent if and only if no s; is a linear
combination of the vectors S — {5;}.

Example 3.5. What can be said about the linear independence of the following set S = {E’l, $2, cny Sny 6} ?

Example 3.6. What can be said about the linear independence of the following set S = {5 }?

Example 3.7. What can be said about the linear independence of the following set S = {5}, 5,}?

Note. Geometric Interpretation:

Two vectors in R? and R3 are linearly independent if and only if the vectors do not lie on the same line (when their initial points are at
the origin).

Three vectors in R? are linearly independent if they do not lie on the same plane (when their initial points are at the origin).
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4 Coordinates and Basis

Definition 4.1. A basis B for a vector space V is a sequence of vectors {Z 1 32, ety E,,} that is linearly independent and that spans the
vector space V.

Definition 4.2. For R? the standard (or natural) basis is {7, j}.
For R? the standard (or natural) basis is {7, 7, k}.
For R” the standard (or natural) basis is {é; = (1, 0,0, ..., 0), & =(0, 1, 0, ...,0), &= (0,0, 1, ...,0),...,€, = (0,0, 0, ..., 1)}

Example 4.1. Determine if B = {V|, V»,V3} where
vi=(1,2,1), % =1(2,9,0), v3=(3,3,4)

is a basis for R3
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Theorem 4.1. If B = {Bl, 327 ety Z,,} is linearly independent then B is a basis for V = span(B).

Example 4.2. Determine if B = {cos?x, sin?x, cos2x} is a basis for the vector space V = span{B}.

Definition 4.3. For P, the standard (or natural) basis is {1, x, x?, ..., x"}.

Example 4.3. The space of finite-degree polynomials { ap+ ajx+--- + a,x" | n € Nand ay, ... ,a, € R} has a basis with infinitely many
vectors {1, x ,x*,...}.

Example 4.4. Determine if B = {1+x+x%, x+x2, x>} is a basis for the vector space P,.
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Definition 4.4. For .4, the standard (or natural) basis is

o ollo o] [ a5 3]}

For .33 the standard (or natural) basis is

1 00] o1 0] [0o0 1] [ooo] [ooo0] [oo0o0] [ooo0 [000] [0o00
00 o0|,/0 0 of,]lo0 0o0f,[1t oof,]o1 o0fl,]loo 1,0 00,0 o0o0,|oo0o0
000/ [00o0 |ooo| [00o [0o0of |ooof [1too {01 o0 001

For 5, the standard (or natural) basis has n? vectors.

Example 4.5. Find a basis for the vector space V = {A | A € Mo and AT :A} with the usual matrix addition and matrix scalar
multiplication.
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Theorem 4.2 (Uniqueness of Basis Representation). In any vector space V, a subset B is a basis if and only if each vector in the vector
space V can be expressed as a linear combination of elements of the subset B in one and only one way.

Definition 4.5. In a vector space with basis B the coordinate vector of V relative to B (or representation of V with respect to B) is a vector
of the coefficients used to express V as a linear combination of the basis vectors:

RepB(‘_}) = (‘7)3 = (Clv €2y onny Cn)
where B = {51, Bz, e, Bn} and ¥ = ¢1 by + c2by + ...+ cpby.

Remark. The definition of the basis requires that a basis be a sequence because without that we couldn’t write these coordinates in a
fixed order.

Example 4.6. Find the coordinate vector of ¥ = (3,4) relative to the basis B = {i, j}.

Page 31 of 39



Example 4.7. Find the coordinate vector of v = (3,4) relative to the basis B= {by, by} where

by = (2,—4) by=(3,2)

Example 4.8. Find a basis B for the vector space V = {A | A € M3 and AT = —A} with the usual matrix addition and matrix scalar
multiplication. Find the coordinate vector of

o 1 -2
-1 0 -3
2 3 0

relative to the basis B.
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Example 4.9. Let W = {p(x) = ag +ax +axx? | p'(1) = 0} be a subspace of P>. Find a basis B for W. Find the coordinate vector of
p(x) = —4 —x+ 1x? relative to the basis B.
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5 Dimension

The previous subsection defines a basis of a vector space and shows that a space can have many different bases. So we cannot talk about
“the” basis for a vector space. True, some vector spaces have bases that strike us as more natural than others. We cannot, in general,
associate with a space any single basis that best describes it.

We can however find something about the bases that is uniquely associated with the space. This subsection shows that any two bases for
a space have the same number of elements. So with each space we can associate a number, the number of vectors in any of its bases.
Before we start, we first limit our attention to spaces where at least one basis has only finitely many members.

Definition 5.1. A vector space is finite-dimensional if it has a basis with only finitely many vectors.
One space that is not finite-dimensional is R* this space is not spanned by any finite subset.

Lemma 5.1 (Exchange Lemma). Assume that B = {Bl, Bz, e Z,,} is a basis for a vector space, and that for the vector V the relationship
V=c1by+c2by+ -+ cuby has ¢; # 0. Then exchanging b; for V yields another basis for the space.

Theorem 5.2. In any finite-dimensional vector space, all bases have the same number of elements.
Definition 5.2. The dimension of a vector space is the number of vectors in any of its bases.

Example 5.1. Any basis for R" has n vectors since the standard basis
{¢,1=(1,0,0,...,0),é&=(0,1,0,...,0),¢=(0,0,1, ...,0),...,6, = (0,0, 0, ..., 1)}
has n vectors. Thus, this definition of ‘dimension’ generalizes the most familiar use of term, that R" is n-dimensional.

Example 5.2. The space P, of polynomials of degree at most n has dimension n+ 1. We can show this by exhibiting any basis —
{1, x, ..., X"} comes to mind— and counting its members.

2

Example 5.3. The space My, of n x n matrices has dimension n? since it has standard basis of n*> vectors as previously discussed.

Example 5.4. The space of functions {a-cos® +b-sinB | a,b € R} of the real variable 0 has dimension 2 since this space has the
basis {cos 0,sin 0 }.

Example 5.5. A trivial space is zero-dimensional since its basis is empty.
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Example 5.6. Find a basis and determine the dimension of the subspace of R determined by the solution vectors of the following
homogeneous system.

X1 — 20 4+ x3 — 3x4 4+ x5 = 0
X1 - X + x4 = 0
—2x1 + 3x + x3 — x5 = 0

Corollary 5.3. No linearly independent set can have a size greater than the dimension of the enclosing space.

Example 5.7. Verify the above corrollary by showing that S = {1, 1+x, 1 +x+x?, x+x*} is linearly dependent in its enclosing space
p.
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Corollary 5.4. Any linearly independent set can be expanded to make a basis.

Example 5.8. Expand the set S = {(1, 1, 1,1,1)} to make a basis of the subspace of R> defined by W = {(a,b,a,b,c) | a,b,c € R}.

Corollary 5.5. Any spanning set can be shrunk to a basis.

Example 5.9. Shrink the set S = {My, My, M3, My, Ms} such that it becomes a basis for span(S) where

10 2 1 -1 -3 12 30 -1
] e i B F B i B
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Corollary 5.6. In an n-dimensional space, a set composed of n vectors is linearly independent if and only if it spans the space.

Example 5.10. Find a basis for Py containing the linearly independent set S = {1 +x, 1 +x*}

Example 5.11. Let
1 1
oo

andV ={X | X € M>x» and AX = X} Find a basis of V containing A. Find a basis of V not containing A. What is the dimension of V.
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