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1 Matrix Inverses 1.8 [BS] Solve for A, if possible:

—1
1.1 [MH] Find the matrix X such that AL { 1 O} = ([3 O} - 2A>

-2 -1 5 3
only 3=

1.9 [BS] Find all matrices A such that

. 1 2 -1 1 1 00
1.2 [YL] Given C = [5 O] and D = {4 _3} . Solve the At 0 1 ol =@3L—24)"
given equations for X. 7 0 1
a. CXD =10I
b. C((DX)" -2t =C
2 Properties of Determinants, Ad-
1.3 [YL] Solve for X given that it satisfies joint of a Matrix and Cramer’s
DXDT = tr(BC)BC Rule
where
2.1 [MB] Given that the cofactor matrix of A is
2 10 2 -1 2 -2
B:[—340]C:3_2 D:[l —2]' 3 -6 5
10 cof(A)=|-4 3 =5
5 =5 5
1.4 [YL] Solve for X given that it satisfies and that the first row of Ais [2 1 —1]
B a. Find adj(A).
(2A+X ) =1 b. Find det(A).
where c. Find the minors Mo and May of A.
d. Find A7%

i

1.5 [YL] Solve for A given that it satisfies

2.2 [YL] Given

01 2 0
I—A")"' = (x(B)B*)" _ |3 00 4
( )" = (t(B)B7) A=120 0 6
where 07 8 0
2 3
p=[ 3 |
a. Evaluate det(A).
b. Evaluate det (adj ((3471)7)).
1.6 [AG] Solve for A the following equation:
T -1 _
(AT -7 C-D=0 2.3 [YL] Let B be a 3 x 3 matrix where det(B) = 3. Find
(7 -1 (5 4 2 1
where C' = (6 1) and D = (1 1). det (2B + B*adj(B)) .

1.7 [YL] Solve for X given that it satisfies 2.4 [MB] Consider two 4x4 matrices A and B, with det(A) =

-1 1 —2 and det(B) = 3. Find the determinant of M, knowing that
T _ = I
(ra+x7a) = Gls det(2BT M A~ B) = det(adj(A) A2B).

where

2.5 [AG] Let A and B be two 3x3 matrices with det(A) = 2
and det(B) = 5. Find det (A3 det(B)AT (adj(A))*).

b

Il
o O =
O NN
w w w



2.6 [YL] Let
1 2 3 4
0 -2 -3 —4
A=l 3 0 o
0 4 5 0

a. Evaluate det(A).

b. Given M is a 4 x4 matrix such that det(M) = 2, evaluate
det(det(M)adj(5bMTA~L)).

c. Given M is a 4 x4 matrix such that det(M) = 3, evaluate
det(det(5AT)adj(M A~1)).

2.7 [BS] If A is a 3x3 matrix such that det(A) = 2 find
det (adj (2adj (A_l)))

8 [BS] Given A, an n X n matrix such that det(4) = 9 and
A3AT =347 1adj(A)
find n.

2.9 [BS] If A and B are invertible matrices of the same size
show that
adj (AB) = adj (B) adj (4)

3 Dot Product and Projections

3.1 [MH] Suppose that @ and o are two vectors

in the zy-plane with directions as given in the diagram

and such that o has length 2 and 7 has length 3.
y

ks

32°
—28°
4

a. Find v - v.
b. Find ||u+v|.

3.2 [BS] If u = (0,1,1) and v = (p,4,p) then find the
parameter p such that the angle between v and v is 7/3.

3.3 [SM] Prove the parallelogram law for the norm:
la +bl* + [la — bl|* = 2[a]* + 2/b]*
for all vectors in R"™.

3.4 [JH] Show that |u|| = |Jv|| if and only if w + v and
u — v are perpendicular. Give an example in R2.

4 Lines

4.1 [GHC] Write the vector, parametric and symmetric
equations of the lines described.
a. Passes through P = (2,—4,1), parallel to d = (9,2, 5).
b. Passes through P = (6,1,7), parallel to d = (—3,2,5).
c. Passes through P = (2,1,5) and Q = (7,—2,4).
d. Passes through P = (1,—2,3) and Q = (5,5,5).
e. Passes through P = (0,1, 2) and orthogonal to both d; =
(2,—1,7) and ds = (7,1, 3).
f. Passes through P = (5,1,9) and orthogonal to both d; =
(1,0,1) and dy = (2,0, 3).

g. Passes through the point of intersection and orthogonal
of both lines, where © = (2,1,1) + ¢(5,1,—2) and
r=(-2,—-1,2)+¢3,1,-1).

h. Passes through the point of intersection and orthogonal
to both lines, where

=t r=2+1
r=y=-242t and xz=y=2-t
z=1+t z=3+2t

i. Passes through P = (1, 1), parallel to d = (2, 3).

j. Passes through P = (—2,5), parallel to d = (0, 1).

4.2 [GHC] Determine if the described lines are the same
line, parallel lines, intersecting or skew lines. If intersecting,
give the point of intersection.

a. z=(1,2,1)+¢2,—-1,1) and = = (3,3,3) + t(—4,2,—2)
b. @ =(2,1,1)+#5,1,3) and & = (14,5,9) + £(1,1,1)
c. ©=(3,4,1)+%(2,-3,4) and x = (—3,3,—-3)+%(3,—2,4)

d. x=(1,1,1)4+t3,1,3) and & = (7,3,7) + (6, 2,6)

e. x=<y=3—-2t and x=qy=3+5t
z=1 z=24Tt

4.3 [SM] For the given point and line, find by projection the
point on the line that is closest to the given point, and find
the distance from the point to the line.

a. point (0,0), line = (1,4) +t(-2,2), t € R
,teR

2),
b. point (2,5), line = (3,7) + t(1, —4)
c. point (1,0,1), line & = (2,2, -1) +¢(1,—-2,1),t € R
d. point (2,3,2), line @ = (1,1, —1) + ¢(1,4 ) teR

4.4 [BS] Find the distance between the origin and the line
passing through the points A(—2,0,—1) and B(-2,1,0).

4.5 [BS] Given the non-intersecting lines:

Ly ('rayaz) = + tl(lazal)
Ly (z,y,2) = + t2(1,2,3) where ¢, ty € R.

(1,2,-2)
(2’ ]" 3)



Find the shortest distance between £ and L.

4.6 [AG] Find the distance between the lines

T 1 1 x 1 0
Ly y|=(0]+r1]) and Ly: [y ]| =0 |+t | 1
z 1 1 z 0 -1

4.7 [GHC] Find the distance between the two lines.
a z=(1,21)+t2—1,1) and = = (3,3,3) + £(4,2, —2).
b. = (0,0,1) +¢(1,0,0) and = = (0,0, 3) + ¢(0, 1, 0).

4.8 [KA] Find the points on the following skew lines £; :

T=4+2t r=—-3+2s
y=2+3t ,and Ly : y=1—s , 8, t € R which
z=2+4t z=1+s
are closest to each other.
rT=3+1
4.9 [KA] Given that the following lines £1 : ¢ y=5+1 ,
z=2+t
r=—-142s
and Lo : y=1+s , t,s € R are skew lines. Find the
z=s

equation of the line that intersects £1 and Ly at right angles.

4.10 [BS] Find the distance between the line £ : (z,y,2) =
(1,3,0) +t(4,3,1) and the y-axis.
4.11 [BS] Given the lines:

Ly 0 (zyy,2)=(1,2,-2) + 1(1,2,1)

£2 : (m,y,z) = (2 17 ) + t2(13273)

£3 : (.’E,y,Z) = (1 17 ) + t3(2a 77 3)

where t1, to, t3 € R. Find the equation of the line which is
parallel to £3 and which intersects both £, and L.

5 Planes

5.1 [GHC] Give the equation of the described plane in stan-
dard and general forms.

a. Passes through (2,3,4) and has normal vector
n=(3,-1,7).
b. Passes through (1,3,5) and has normal vector
n = (0,2,4).
c. Passes through the points (1,2, 3), (3, —1,4) and (1,0, 1).
d. Passes through the points (5,3, 8), (6,4,9) and (3, 3, 3).
e. Contains the intersecting lines
z=(2,1,2)+t(1,2,3) and = = (2,1,2) + (2, 5,4).

f. Contains the intersecting lines
=(5,0,3) +t(—1,1,1) and & = (1,4,7) + ¢(3,0, —3).
g. Contains the parallel lines
x=(1,1,1)+¢(1,2,3) and = = (1,1,2) + ¢(1,2, 3).
h. Contains the parallel lines
x=(1,1,1)+¢t(4,1,3) and « = (2,2,2) + t(4,1, 3).
i. Contains the point (2, —6,1) and the line

r =245t
r=qy=2+2t
z=—-14+2¢
j- Contains the point (5,7,3) and the line
T=t
r={y=t
z=1

k. Contains the point (5,7,3) and is orthogonal to the line
x = (4,5,6) +t(1,1,1).
1. Contains the point (4,1,1) and is orthogonal to the line

=444t
r=cy=1+1¢
z=14+1t

m. Contains the point (—4,7,2) and is parallel to the plane
3(z—-2)+8y+1)—10z=0.

n. Contains the point (1,2,3) and is parallel to the plane
r =5.

5.2 [SM] Determine the scalar equation of the plane with
the given vector equation.

a. z=(1,4,7)+s(2,3,-1) +t(4,1,0), s,t € R
b. &= (2,3, —1)+s(1,1,0) + £(-2,1,2), s, € R
c. x=(1,-1,3)+s(2,—-2,1) +t(0,3,1), s,t e R

5.3 [GHC] Find the point of intersection between the line
and the plane.

a. line: (1, 2, 3)+ t(3 5,—1), plane: 3z —2y—2z=4
b. line: (1,2,3) +1(3,5,—1), plane: 3xv — 2y — 2z = —4
c. line: (5, Sxr—y—z=-3
d. line: (4, 1,0) +1(1,0, -1

-1+ t(2 2, 1), plane:
)

, plane: 3z +y—22=38

5.4 [SM] Given the plane 2zq —x2 4+ 3x3 = 5, for each of the
following lines, determine if the line is parallel to the plane,
orthogonal to the plane, or neither parallel nor orthogonal.
If the answer is “neither”, determine the angle between the
direction vector of the line and the normal vector of the plane.

a. x=(3,04)+t-1,1,1),teR
b. x=(1,1,2)+t(-2,1,-3), teR
c. £=(3,0,0)+1¢1,1,2),teR

d. z=(-1,-1,2) +4,-2,6), t € R
e. x=1(0,3,1),teR



5.5 [AG] Find the closest point to the point P = (1,1,—2)
on the plane II of equation 2z — 3y + z = 1.

5.6 [YL] Find the closest point on the plane 22 +y—3z =1
to the point P(3,26,1).

5.7 [SM, YL] Use a projection (onto or perpendicular to)
to find the distance from the point to the plane. And find the
closest point on the plane to the given point.

a. point (—1,-1,1), plane 221 — 29 —x3 =4
b. point (0,2, —1), plane 2x1 —x3 =5

c. point (2,3,1), plane 3z — 29 + 43 =5

d (

. point (—2,3,—1), plane 2z; — 3z — bzg =5

5.8 [BS] Find the point P on the plane (z, y, z) =
(0, 1, 4) + s(0, 6, —4) + t(—1, —1, 1) where s,¢t € R which
is closest to the the origin.

5.9 [SM] Determine a vector equation of the line of inter-
section of the given planes.

a. x+3y—z=5and2x —5y+2="7

b. 2r—32=Tandy+2z=14

5.10 [BS] Find all unit vectors parallel to the plane x + 2y +
3z = 5 and the zy-plane.

5.11 [BS] Determine whether the following planes x 4+ y +
2z =5 and (x,y,2) = (1,2,3) + s(1,1,2) + ¢(3,0,7) are per-
pendicular.

5.12 [BS] Given the lines £; : (z,y,2) = (1,3,0)+¢(4,3,1),
Lo (z,y,2) = (1,2,3) + (8,6,2), and the plance P : 2z —
y + 3z = 15 and the point A(1,0,7).
a. Show that the lines £; and L5 lie in the same plane and
find the general equation of this plane.
b. Find the point B on the plane P which is closest to the
point A.

5.13 [AG] Let II be the plane in R with normal vector

cos 6
cos 6 + sin @
sin 0

n =

Find all the values of € in the interval [0,27) such that IT is
parallel to the plane of vector equation

1 1
-1 +t|-1

1
= (0] +r
0 1 -2

IS

5.14 [MB] Given the following: parametric equations of
two skew lines L1 and Lo, two nonparallel planes P, and Ps,
coordinates of the point @, that does not lie on L1, Lo, Py,
nor Ps.

a. Does a line that is perpendicular to L; and passes
through @ exist? If so, is it unique? How would the
equation of such a line (if it exist), be obtained with the
provided information?

b. Does a line parallel to the intersection of the planes Py
and P, and passes through @ exist? If so, is it unique?
How would the equation such a line (if it exist), be ob-
tained with the provided information?

c. Does a plane containing L; and Lo exists? Is so, is it
unique? How would the equation of such a plane (if it
exists), be obtained with the provided information?

5.15 [BS] Given the points A(—3,0,—1) and B(-2,1,0).
a. Find the point C' on the yz-plane such that the points A,
B and C' are collinear.

b. Determine whether the points A and B are on the same
side of the plane 7x +y + 2z = 1.

5.16 [BS] Determine whether the point (1, 2, 1) is between
planes 6x — 3y + 6z = —3 and 4z — 2y + 4z = 2.

5.17 [BS] Given the line £ : (z, y, 2) = (2, 2, 3) +
t(1, —1, —3) where t € R, the plane P : 3z —2y+2z = 7 and
the point A(1, 1, 1).
a. Find parametric equations of the line which contains A,
intersects £ and which is parallel to P.
b. Find parametric equations of the line which contains A
and which intersects £ at a right angle.

6 Answers to Exercises

Note that either a hint, a final answer or a complete solution
is provided.

2 2
wxf ]
1.2

8 2 9 3
a'X_[n 4} bX‘L2 3]



1.5

1.6

1.7

1.8

1.9

2.1

2.3

2.4

2.5
2.6

2.7
2.8

2.9

3.1

3.2

—4

29
12 b. 25

375
det(M) = 3
53212

b 727512

—60 pArea c. —3351560

4
4

Hint: Use adj(A) = (det A) A~L.

3 b. V19

p=-1

. M12:63HdM22:3

3.3 Expand the left side of the equation by using the fact

that ||v]|? = v+ v for any vector v to get to the right side.

3.4 Where u,v € R™, the vectors u + v and u — v are per-
pendicular if and only if 0 = (u +v)+(u —v) =u-u —v-v,
which shows that those two are perpendicular if and only if
ue+u = v+v. That holds if and only if [|[u || = ||v]|.

4.1

a.

vector: = (2,—4,1) +t(9,2,5)

parametric: t =2+ 9, y=—-4+4+2t, 2 =14 5¢
symmetric: (x —2)/9=(y+4)/2=(2-1)/5

vector: & = (6,1,7) +t(—3,2,5)

parametric: t =6 —3t, y=1+2t, 2 =7+ 5t
symmetric: —(x —6)/3=(y—1)/2=(2—-T7)/5
Answers can vary: vector: & = (2,1,5) +¢(5,—3,—1)
parametric: t =2+5t, y=1—-3t, z=5—1¢
symmetric: (r —2)/5=—(y—1)/3=—(z—5)

Answers can vary: vector: x = (1,—2,3) +¢(4,7,2)
parametric: x =1+4t, y=—-2+4+7t, 2 =342t
symmetric: (x —1)/4=(y+2)/7=(2—3)/2

Answers can vary; here the direction is given by dy x ds:
vector: & = (0,1,2) + ¢(—10,43,9)

parametric: x = —10t, y =1+ 43t, 2 =2+ 9¢
symmetric: —2/10=(y —1)/43 = (2 —2)/9

Answers can vary; here the direction is given by dy X ds:
vector: & = (5,1,9) + ¢(0,—1,0)

parametric: t =5, y=1—t,2=9

symmetric: not defined, as some components of the di-
rection are 0.

Answers can vary; here the direction is given by d; x da:
vector: x = (7,2,—1) +t(1,—1,2)

parametric: t =7+t y=2—-1t, 2 =—-14+2¢
symmetric: © —7=2—-y=(2+1)/2

Answers can vary; here the direction is given by dy X ds:
vector: & = (2,2,3) + (5, —1,—3)

parametric: x =245, y=2—t, 2 =3 — 3t
symmetric: (z —2)/5=—(y—2)=—(z—3)/3

vector: x = (1,1) +¢(2,3)

parametric: x =1+2¢, y =14 3¢

symmetric: (zr —1)/2=(y—1)/3

j. vector: & = (—2,5) +t(0,1)

4.2

4.3

4.4

4.5

parametric: * = -2, y =5+1
symmetric: not defined

Parallel. c. Intersecting; (9, —5, 13).
Intersecting; (12,3,7). d. Same.

3.9 % ¢ (232

58 91\ _6

(57 57): 7 d (3.4.-1). V6

3

V2

3

Vb

V6/6



4.7

a. 3/v2 b. 2
4.8 P1(2, —1, 1) and PQ(L —17 3)

r=1
4.9 L: y=2-1 ,

z=1+1

1

4.10 =
4.11 (2, y, 2) = (23,3, =2)+¢(2, 7, 3) where t € R

5.1
a. Standard form: 3(z —2) — (y—3)+7(¢ —4) =0
general form: 3z —y + 7z = 31
b. Standard form: 2(y —3) +4(z —5) =0
general form: 2y 4 4z = 26

c. Answers may vary;
Standard form: 8(x — 1) 4+ 4(y — 2)
general form: 8z +4y — 4z =4

—4(z—-3)=0

d. Answers may vary;
Standard form: —5(x —5) +3(y —3) +2(2 —8) =0
general form: —5z + 3y +22 =10
e. Answers may vary;
Standard form: —7(z — 2) + 2(y —
general form: —7x + 2y + 2z = —10

D+ (2—2) =0

f. Answers may vary;
Standard form: 3(z —5)+3(z—3) =0
general form: 3x + 3z =24

g. Answers may vary;

Standard form: 2(z —1)—(y—1) =0
general form: 2z —y =1
h. Answers may vary;
Standard form: 2(zx — 1)+ (y— 1) —3(z—1) =0

general form: 2z +y—32=0

i. Answers may vary;
Standard form: 2(x — 2) — (y + 6)
general form: 2z —y — 4z =6

—4(z—1)=0

j. Answers may vary;
Standard form: 4(x —5) —2(y —7) —2(# —3) =0
general form: 4x — 2y — 22 =10

k. Answers may vary;
Standard form: (z —5) 4+ (y—7) +
general form: x +y+ 2z =15

(z—=3)=0

1. Answers may vary;

Standard form: 4(z —4)+ (y—1)+ (2 —1)=0
general form: 4o +y+ 2z =18

m. Answers may vary;
Standard form: 3(x +4) +8(y —7) —10(z —2) =0
general form: 3z + 8y — 10z = 24

n. Standard form: x —1 =10
general form: z =1

5.2
a. z—4y— 10z = -85 c. =bx—2y+6z=15
b. 2z —2y+32=-5

5.3

a. No point of intersection; the plane and line are parallel.

b. The plane contains the line, so every point on the line is

a “point of intersection.”
(_37 _77 _5)
(3,1,1)

a. The line is parallel to the plane.

b. The line is orthogonal to the plane.

c. The line is neither parallel nor orthogonal to the plane,

6 ~ 0.702 radians.

d. The line is orthogonal to the plane.

e. The line is parallel to the plane.

5.5 (11/7, 1/7, —12/7)
5.6 (—1, 24, 7)
5.7
2 23 40 9
a. V6, (1,-2,0) C Tz (%5, 13 13)
4 (89 _9 13 25 75 03
b % (12 @ CBE -
5.8 (1, 2, 3)
5.9
a. x=(32,2,0)+t(-2,-3,-11),teR
b. x=(,4,0)+1(3,-4,2), teR
-1
5.10 j:(f, =, 0).
5.11 The two planes are perpendicular.
5.12
a. Since the two lines are parallel they lie on the same plane.
5 — 6y — 2x = —13.
14 37
b. B(_?v 7 7)
513 0, «
5.14
a. Such a line exists, but it is not unique. One of such line
is obtained by finding a vector d perpendicular to the
direction vector of Lq, then the equation of the line is
given by * = Q + td where t € R.
b. Such a line exists and is unique. The line can be obtained

by finding a vector d parallel to the intersection of L; and



Lo, then the equation of the line is given by @ = Q + td
where t € R.

c. Such a plane does not exist since the lines are skew.

5.15
a. (0, 3, 2)
b. Yes, the points are on the same side.

5.16 The point is not in between the planes.

5.17
a. z=146t, y=1—4t, z=1—13t wheret € R
b. x=1+17Tt, y=1+5t, z =1+ 4t where t € R
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